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Abstract 



In this thesis we investigate the stationary properties and formation process of a class of nontopological 
solitons, namely Q-balls. We explore both the quantum-mechanical and classical stability of Q-balls 
that appear in polynomial, gravity-mediated and gauge-mediated potentials. By presenting our detailed 
analytic and numerical results, we show that absolutely stable non-thermal Q-balls may exist in any 
kinds of the above potentials. The latter two types of potentials are motivated by Affleck-Dine baryoge- 
nesis, which is one of the best candidate theories to solve the present baryon asymmetry. By including 
quantum corrections in the scalar potentials, a naturally formed condensate in a post-inflationary era 
can be classically unstable and fragment into Q-balls that can be long-lived or decay into the usual 
baryons/leptons as well as the lightest supersymmeric particles. This scenario naturally provides the 
baryon asymmetry and the similarity of the energy density between baryons and dark matter in the Uni- 
verse. Introducing detailed lattice simulations, we argue that the formation, thermalisation and stability 
of these Q-balls depend on the properties of models involved with supersymmetry breaking. 
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1.1 Figure 1 (a) cited from B27H plots the several bounds on flux and mass for SENS (Zq = 
0) where Zq is an electric charge and Mq (or equivalently Eq) is the mass of SENS. 
The diagonal line corresponds to the flux estimated under the assumption that dark mat- 
ter in the galaxy (~ 0.3GcV/cm 3 ) is mainly from SENS. Therefore, the regions 4, 
which is above this diagonal line, is ruled out. The region 1 is also experimentally 
banned by Gyrlyanda urn . BAKSAN lE^ll . and Kamiokande l30lk similarly, the region 2 
is also excluded by the Super-Kamiokande experiments. The future experiments, such 



as TA 13 1H and OA 113211 . will clarify the region 3. Figure 1 (b) shows the bounds for 
the charge Q and the SUSY breaking scale Ms for SENS in the regions 5,6, and 7 
where each regions was obtained by the same experiments as the regions 1, 2 and 3, 
respectively. Below the 'B-Ball Stability Limit' line, the region 8 is excluded so that the 
allowed region is Q > 10 22 where SENS can be dark matter or part of it 

1.2 Figure 6 (a) also cited from lf27ll plots the the flux and mass for SECS with Zq = 137 
instead of SENS. The region 4 above the diagonal line is also excluded as before. We 
can also exclude the regions 1 and 2 by the present and past ex peri ments such as KEK 
Q, AKENO H, UCSDII Q, MACRO HHHH, OYA lH, NORIKURA $4&, 



SKYLAB HH], KIT AMI [42fl, and MICA fl43|], and by the future experiments, e.g. AMS 



|44|,|45|]. Similarly, Figure 6 (b) is plotted as Figure 1 (b). 



2.1 Parameters cr±(uj) in two typical potentials U(a) = ha 2 — Act 4 + Ba 6 where uj + = 
m = 1 and the effective potentials — U u are plotted for various values of co: degenerate 
vacua potential (DVP) with A = ^, B = | on the left and non-degenerate vacua po- 
tential (NDVP) with A = 1, B = | on the right. The DVP has degenerate vacua in the 
original potential — U (red solid line) where we set w_ = 0. The NDVP does not have 
degenerate vacua, but with uj = uj- = 0.5 (sky-blue dot-dashed line) the effective po- 
tential — U u does have degenerate vacua. The two lines in the lower limit uj = ui- show 
that CT_ (cj) — > ct+ (oj) where we have defined the maximum of the effective potential to 
be at <t+(uj) and U^(a^(uj)) = for cr_ (uj) ^ 0. The purple dotted-dashed lines show 
<j_((jj) — > with the thick-wall limit uj = uj + . With some values of co (green dotted 
lines) satisfying the existence condition Eq. (12.20b , both potentials show the values of 
<Jzfi(uj) clearly 

3.1 The top two panels show the numerical slopes —a' /a for the case of D = 3 for two 
values of uj for both DVP (left) and NDVP (right). The red (one-dotted and one with 
circles) lines show the numerical slopes and the green dotted lines with two different 
widths the corresponding analytic solutions. The purple dot-dashed lines with two dif- 
ferent widths show the analytic fits for the core profiles. The bottom two panels show 
the full Q-ball profile as described in Eq. ( 13.55b for a number of values of uj and D. 
Note how the core size increases with D 



3.2 The initial "positions" ao(u>) (top), 6 num / Rq (middle), and the core sizes Rq(uj) (bot- 
tom). The top panels show a±(uj), Eqs. (13.501 l3~5ll l as black and orange dot-dashed 
lines respectively. The middle panels show the range of values of uj for a given value 
of D in which the core thickness is smaller than the core size, a crucial assumption we 
have to make. In the bottom panel, the analytical core sizes in Eq. (I3.58l l are plotted with 
the numerical ones for the following uj ranges: [0.38 — 0.40], [0.38 — 0.55], [0.38 — 
0.60], [0.38-0.70] inDVP, and [0.60-0.62], [0.60-0.65], [0.60-0.75], [0.60-0.85] 
in NDVP and for D — 2, 3, 4, 5, respectively. As can be seen, the fits are excellent. 
The range of uj values chosen have been based on the results shown in the top two panels 



and correspond to that range where the thin-wall Q-balls are solutions (except for D = 2). 139 



3.3 The configurations for charge density pq (top) and energy density pe (bottom) com- 
puted using Eq. (12.13b for both DVP (left) and NDVP (right). The presence of spikes of 

pE in DVPs contributes to their increased surface energies |4C 

3.4 The ratio of S/U where S and U are surface and potential energies (top panels), the 
characteristic slope 7(0; ) = Eq/ujQ in the thin-wall-like limit, uj ~ w_, with the 
analytic lines Eq. ( 13.28b (middle panels), and in the "thick-wall-like" limit, uj ~ u>4-, 



(bottom panels), with the analytic lines Eqs. (13.401 [3~44l |41 

3.5 Classical stability using Eq. (12.31b for the top panels and absolute stability using Eq. ( 12.30b 
for the bottom panels. The 3D analytical lines of Eqs. (13.291 [3~47l i for classical stabil- 
ity agree with the corresponding numerical data. Above the zero-horizontal axes in the 
top panels, the Q-balls are classically unstable. Similarly, Q-balls above the horizontal 
axis, Eq = mQ, are absolutely unstable. The one dimensional Q-balls are always clas- 
sically stable. The ID slopes Eq/uiQ have different behaviours depending on DVP 



and NDVP unlike the other dimensional cases 42 



3.6 The Legendre relations of Eq. (12.15b for both the DVP case (left panels) and the NDVP 
case (right panels): = uj (top), = Q (middle), and ^ = \uj 2 (bottom). 



Note the excellent agreement between the analytical dotted lines and the numerical dots. |43 



4.1 Parameters a±(uj) for a potential of the form U(a) = \cr 2 (l — \K\ lner 2 ) + /3 2 cr 6 
(effective potential U u = U — ^oj 2 a 2 ) with \K\ = 0.1. The left hand figure corresponds 

to the case of a DVP with (3 2 = lKl f' cxp (- J ~ 1.90 x 10~ n , whilst the right 

hand side is the NDVP with 1 = ~ 9.20 x 10" 3 , see Eq. d43l The coloured 

lines in each plot correspond to different values of uj. The variable <j+{uj) is defined 
as the maximum of the inverse effective potential — where as cr_ (u>) corresponds to 
-U u (a- (uj)) = for er_ (uj) ^ 0. Recalling w_ = in DVP, the DVP has degenerate 

vacua at o+(0) = e 1 / 4 exp (m^j ~ 1.91 x 10 2 (red-solid line), whilst the NDVP 
does not. The inverse effective potential — with w_ = 1 in NDVP (green-dashed 
line), however, has degenerate vacua at cr+(o;_) = e 1 / 4 ~ 1.28, see the first relation in 
Eq. ( 14.4b . For the lower limit uj ~ lj_ (green-dashed lines), we could see a+ = e 1 ' 4 , 
whilst the purple dotted-dashed lines show <J-(uj) — > near the thick-wall like limit 
uj = 3.0 ~ uj + where uj + ^> 1 

4.2 The inverse potential — U gauge in Eq. ( 14.271 ) (red-solid line) with m = 1, A 2 = 2 
which implies Uq = 1 and the inverse effective potentials — U u for different values of 
uj. In order to compare between Eq. ( 14.26b and Eq. ( 14.271 ), we plot the inverse quadratic 
potential with the sky-blue dotted-dashed line. The two potentials are asymptotically 
similar, but they are different around the intermediate region of a, where 1 < a < 3. . [56| 
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The top two panels show the three-dimensional numerical slopes — a' / a for two typical 
values of uj for both DVP (left) and NDVP (right). The raw numerical data (red-solid 
and blue-dotted lines) matches continuously on to the analytical asymptotic profiles for 
large r (green-dashed and purple-dotted-dashed lines). The linear lines correspond to 
the Gaussian tails in Eq. ( 14.24l i. where we can see the large shifts in the thin-wall limits 
of uj. The middle and bottom panels show, respectively, the hybrid profiles Eq. ( 14.501 ) 
and the energy density configurations for the various values of uj and D. The spikes of 
the energy density configurations exist in the DVP case but not in the NDVP case. . . . 

The initial value <jq(uj) = er(0) is plotted against uj. In the two panels the black-dashed 
and orange dotted-dashed lines show <r± (uj), and these lines become closer for uj = uj- 
for both types of the potentials DVP (left, w_ = 0) and NDVP (right, w_ = 1). Since 
(To ~ <j + = <j + (uj-) for D = 2, 3 in the region uj ~ w_ where a + ~ 1.28 in NDVP 
and cr + ~ 1.91 x 10 2 in DVP, our analytical results in Sec 14.2.21 are valid in this region. 

The top panels show the ratio S/U where S and U are the surface and potential energies, 
and the bottom panels show the numerically obtained characteristic slope Eq /ujQ, in 
ID (skyblue circled-dots), 2D (red plus-dots) and 3D (green crossed-dots). For com- 
parison, in the bottom panels, the thin-wall analytic lines obtained using Eq. ( 14.121 ) are 
also shown (purple-dotted line for 2D and blue-dotted line for 3D) as are the thick-wall 
analytic lines obtained from Eqs. d4.191ICT2b (orange-dotted-dashed for all D). The 
analytic lines match well with the numeric data in the appropriate limits, especially for 
the NDVP case 

Classical stability for the top panels and absolute stability for the bottom panels for both 
DVP (left) and NDVP (right). The black-dashed lines indicate the stability thresholds 
for both classical and absolute stability in all panels. Q-balls found below the lines are 
stable either (both) classically or (and) absolutely. In the top panels, the analytical lines 
using Eqs. d4.13ll4~20l i agree well quantitatively with the corresponding numerical data 
for the thick-wall regimes, but not well in the thin-wall regimes. However the numerical 
plots look qualitatively similar to the analytical lines in the thin-wall limit as seen with 
the polynomial models in the left-top panel of Fig. 13.51 in chapter [3] In addition, the 
analytical lines for Eq /mQ using Eqs. ( 14.12||CT2| ) match the numerical lines for both 
the thin and thick-wall limits 

The top panel shows the three-dimensional numerical slopes —a'ja for two values of 
uj. The raw numerical data (red-solid and blue-dotted lines) matches smoothly to the 
corresponding analytical asymptotic profiles for large r (green-dotted and purple-dashed 
lines). Both the left- and right-bottom panels show, respectively, the hybrid profiles 
Eq. ( 14.511 ) and the energy density configurations for the various values of uj and D. The 
spikes of energy density configurations do not exist even in the thin-wall limits 

The numeric characteristic slopes Eq jujQ and the analytic lines (orange-dashed line 
for ID and blue-dotted line for 3D) which are calculated using Eqs. ( 14.371 l4~38l ) in the 
whole range of uj. The 3D analytic line agrees with the numeric data well except near 
the thick-wall limit. Similarly the ID analytic line agree well only in the extreme thin- 
wall limit 

The stability of Q-balls - Classical (left panel) and absolute (right panel). The black- 
dashed lines in the two panels indicate the stability thresholds for both classical and 
absolute stability where Q-balls under the lines are classically/absolutely stable. The an- 
alytic lines for D = 1, 3 are calculated by substituting Eqs. ( 14.37ll4~38l l into Eq. ( 14.361 ) 
and differentiating it with respect tow 
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We show the effective potentials, V+ = V(cr) + 7^3-, against a in two types of potentials 
which we call the gravity mediated model (GRV-M Model) on the left and the gauge 
mediated model (GAU-M Model) on the right. The potential in the GRV-M Model has 
the following form, V(a) = \a 2 (l - \K\ lner 2 ) + 6 2 cr 6 , where, we set \K\ = 0.1 and 
bl = M ~ 9.20 x 10~ 3 . The potential in the GAU-M Model is V(a) = In (l + a 2 ) + 
b 2 a 6 , where we set b 2 ~ 10 -30 . We choose the following values of pq\ red-solid 
line for pq ~ 2.36 x 10 -5 and green-dashed line for pq — 1/e ~ 3.68 x 10 _1 in 
the GRV-M Model and red-solid line for pq ~ 1.40 x 10 1 and green-dashed line for 
pq - 1.41 x 10 2 in the GAU-M Model 

Using the parameter sets summarised in Table 15. ll we plot the numerical evolution for 
a 2 {t) in both the GRV-M Model (left) and the GAU-M Model (right). In all the panels 
except the case for the left-top panel, the numerical plots (red-plus dots and blue-cross 
dots) agree well with the corresponding analytic lines, which are obtained from Sec. 
15.2.11 The disagreements between the numerical and analytic plots in the left-top panel 
come from the artifact that the analytical estimated value, I = 1.8, in Eq. d5.9t 

Substituting the numerical value, I = 1.86002, into Eq. d5.9t , we plot the semi-analytic 
evolution for cr 2 (t). The semi-analytic solutions agree with the numerical solutions. . . 

We plot the evolution of cr 2 (t) with the numerical data (red-plus dots) for the GRV-M 
Model (left) and for the GAU-M Model (right) and with the analytic data (green-dotted 
lines) by using our ansatze introduced in Eq. ( 15.191 l 

Using the initial conditions with SET-3 (right-panel) and SET-7 (left-panel) in Table 
15.11 we plot the numerical values of the equation of state which are given by w(t) = 
pit) I pe, where p(t) and ps are the pressure and energy density of the AD condensate. 

In the top two panels, we plot the amplitude of ri£(i) at two different time steps for 
the GRV-M Model in the left panel and the GAU-M Model in the right panel, where we 
took the average of n £ (i) over the axes of k. The black-dashed vertical lines indicate the 
analytical values of the most amplified modes k m obtained from Eqs. ( 15.33ll5~34l ). In the 
middle panels (GRV-M Model on left and the GAU-M Model on right), we compare the 
zero-mode a 2 (red-solid lines) and the homogeneous field a 2 (green-plus dots) obtained 
in the bottom panels of Fig. 15.21 In the bottom panels of Fig. 15.61 we plot the evolution 
of (t) for both analytic values k m (red-solid lines) and numerical values k\ (green- 
dashed lines) of n\ shown in the top two panels 

The top panels plot the amplitude of n\ with various times in both the GRV-M Model 
(left) and the GAU-M Model (right). The analytical values of the most amplified mode 
k m in black-dashed vertical lines agree with the first peak, ki, of the spectra in both 
cases. The middle panels show the evolution of zero-mode field, a 2 (red-plus dots), and 
the variance of the field, Var(er) (green-cross dots), up to the nonlinear time t = ti^L, 
where we can set t NL ~ 420 in the GRV-M Model and t NL — 2200 in the GAU-M 
Model. In the bottom panels, we plot the evolution of the amplitude for the first 
k\ (red-plus dots), second peak k^ (green-cross dots) modes and the analytical most 
amplified modes k m (purple squared-cross dots) 

In the top and bottom panels, we show snapshots of the positive charge density n + (x) 
for the GRV-M Model (left panels) and the GAU-M Model (right panels) around t — 
tNL, where 'Timestep' in the panels denotes the actual time divided by 10 in the GRV- 
M Model and the actual time divided by 10 2 in the GAU-M Model, and the colour 
bars illustrate the values of the positive charge density. After the nonlinearity is fully 
developed, many bubbles form, which are pinched out of "highly" concentrated charged 
filaments 

We show snapshots of the positive charge density for the GRV-M Model in different 
time steps (i = 1000, 2000, 3000, 4000, 5000 and 6000), where 'Timestep' in the 
figure denotes the actual simulation time divided by 10 2 and the colour bars illustrate 
the values of the positive charge density. A few created lumps collide and merge into a 
large cluster by the end 
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5.10 We illustrate the detailed evolution of the positive charge density for the GAU-M Model 
in different time steps (* = 10000, 20000, 30000, 40000, 50000 and 60000), where 
'Timestep' in the figure denotes the actual simulation time divided by 10 3 and the colour 
bars illustrate the values of the positive charge density. There are smaller number of 
bubbles left by the end 

5.11 We present the snapshots of the negative charge density for the GRV-M Model (left 
panel) at t = 6.0 x 10 3 and the GAU-M Model (right panel) at t = 6.0 x 10 4 , where 
the colour bars illustrate the values of the negative charge density. The negative charge 
for the GRV-M Model is surrounded by the large positive charged cluster; however, the 
distribution spreads out over the lattice space, whereas the negative charge for the GAU- 
M Model is concentrated around the positive charged lumps [compare them to the last 
panels of Figs. El and EH 

5.12 Left panels (GRV-M Model) and right panels (GAU-M Model): the top panels show the 
evolution of zero-mode (red-solid lines) and the variations for a (dotted-dashed purple 
lines), whose latter evolution are fitted by a function, oc i 71 , (black dashed lines) where 
we numerically obtain the value of 71. In the middle and bottom panels, we plot, re- 
spectively, the amplitudes of and in different times for both models, and we fit 
them by a function of oc fc~ 72 where 72 is also numerically obtained 

5.13 Left panels (GRV-M Model) and right panels (GAU-M Model) in 2 + 1 dimensions: 
the top panels show the evolution of the zero-mode (red-solid lines) and the variations 
for a (dotted-dashed purple lines). In the bottom panels, we plot the energy density (at 
t — 3.5 x 10 5 in the left-bottom panel and at t = 1.7 x 10 7 in the right-bottom panel) 
instead of the charge density to compare the Q-ball profiles seen in Figs. l4.3l and l4.7l in 
chapter|U where the colour bars illustrate the values of energy density. We can see that 
almost all of the charge is trapped into bubbles which may be "thin-wall" Q-balls, recall 
that we are imposing a periodic boundary condition 
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3.1 The numerical parameters in DVP (top) and in NDVP (bottom) 

3.2 The values of T an a and r n um in terms of D in DVP and NDVP, see Eqs. A3 .23l[3~25T > 

3.3 Virial relations: co a in terms of space dimension D and ratio S /U, see Eq. ( 12.39b 

3.4 The critical values for classical stability, absolute stability and stability against fission in DVP and 
NDVP using Eqs. J2T301 [23T1 [232b and Eq. ( 12341 The critical values are defined by %Z |^ = 

I = -£ (^f) I = 0, Eq /Q\ Ua = m, and I = 0. The numerical values of uj a 

coincide with the analytic ones in Table 13.31 We have confirmed numerically that u) c = UJf — 



3.5 Key analytical results for the case of polynomial potentials. Recall that the ^-independent char- 
acteristic slope 7 = Eq/ujQ leads to the proportionality relation Eq oc Q 1 ^ . The symbols, O 
and A, indicate that Q-balls are stable or can be stable subject to certain conditions, respectively. 
Recall that we may need the condition cf(Rq) < <r_ in our thin-wall analysis; the readers should 
also note that our "thick-wall" analysis is valid as long as it satisfies Eq. d3.45t . The Q-balls in 
the "thick-wall" limit are absolutely and classically stable subject to the condition Eq. ( 13.471 ). . . 



4. 1 Key analytical results. Recall that the cj-independent characteristic slope 7 = Eq /ujQ leads to 
the proportionality relation Eq oc Q 1 ^' . The symbols, 0> x i A> indicate that Q-balls are 
stable, unstable, or can be stable with conditions, respectively. The symbol, means that we 
may need the condition \K\ 0(1)- Since the Gauge-mediated potentials are extremely flat for 
a large field value, the potentials do not have degenerate vacua 



5.1 We show 8 different parameter sets in both the GRV-M and GAU-M cases, where we 
call each of the parameter-sets 'SET-1, SET-2,..., and SET-8'. The initial parameters of 
<t(0) and a(0) can be obtained by the values of 6(0). We also set 6(0) = 4^ in all cases, 
and show the values of €a for the GRV-M Model and the values of €b for the GAU-M 
Model. By substituting these values and choosing the values of the third eccentricity 
e 2 = 0.1 and 0.3, we obtain the dimensionless energy-to-(mass multiplied by charge) 
ratios, pe/pq- Note we are using the dimensionless quantities 

5.2 Using Eqs. 15.14H5.16l we show the both numerical values (w num ) and analytical values {w a na} 
for the averaged equations of state. The values of (w a na) in SET-1 and SET-2 are semi-analytically 
obtained by substituting I = 1.86002 into Eq. l |5.9l >. For all cases, the AD condensate has a nega- 
tive pressure, and these analytic estimates are reasonable against the numerical values 



5.3 



We show the numerical and (semi-)analytic values of $ in both the GRV-M Model and 
GAU-M Model, which are analytically obtained in Section l5.2.1l 



The Physics of Q-balls 




Sherlock Holmes. 



Chapter 1 



Introduction 



1.1 The Standard Model to the theory of supersymmetry 

All of the complexities around us come from the mixtures of many simple events. With this belief, 
theoretical particle physicists have developed our understanding on the extremely small scales of physics 
(around the size of atoms and even smaller scales). Almost all of the theoretical predictions have been 
supported well by the experimental results to date, and now we know that the Standard Model (SM) is 
the fundamental theory to understand the dynamics of elementary particles, like photons and protons. 
In the SM, the simplicities are symmetries, such that a right-handed person sees the left-handed person 
in a mirror. The SM in particle physics consists of the mixtures of the three independent groups of the 
symmetries, each of which can describe one of the four fundamental forces (electromagnetic, weak and 
strong forces) except gravity. The most familiar one among them might be the electromagnetic force 
generated through the exchange of photons; for instance, electronically positive charged objects repel 
each other where photons (massless gauge bosons) are known as the mediators to generate the repulsion 
force. Similarly, the two other forces come from the exchanges of the corresponding mediators, i.e. 
W and Z (massive gauge) bosons and gluons. These mediators including photons are named as gauge 
bosons, each of which has its own strength (coupling). While the strong force tightly binds protons and 
neutrons together, the weak force is involved in radioactive decay. Both forces work only in an atom 
scale, but the strength of the weak force is smaller than the one of the strong force by a factor of 10 6 ; 
in fact, the weak force is 10 32 times stronger than the gravitational force, which works in an infinite 
distance range, like the electromagnetic force. 

Under the conjecture that the physics above some energy scale should be described by one symmetry 
group parameter, Glashow et al. successfully unified the two symmetry groups for electromagnetic 
and weak forces by introducing the higher (electroweak) symmetry group |^, Q]. The energy scale 
of this unified theory (hereafter, the electroweak theory) is around a few 10 2 GeV, below which the 
unified electroweak symmetry inevitably breaks down. This symmetry-breaking mechanism requires 



hypothetical objects, Higgs bosons [4], which give rise to the masses of both weak gauge bosons and 
other elementary particles, namely quarks and leptons. These theoretical accomplishment in the SM 
have been in good agreement with the independent experiments, LEP, HERA, and Tevatron run-I & -II; 
typically, the different massive weak gauge bosons were well verified in high precision. 

Despite the agreement with these extensive experiments, the SM has still several shortcomings. Higgs 
bosons have not yet been found, and the detection of these particles is still an active research field. 
Without Higgs bosons, there are no appealing explanations why the weak gauge bosons have nonzero 
masses. Moreover, the quantum corrections to the Higgs mass become quadratically divergent unless 
the divergence is canceled out (renormalisation). This problem is known as the hierarchy problem. 
Furthermore, the SM contains far too many parameters to be consistent with the observations in the 
sense of beauty. Theoretical high energy physicists believed that the physics above the electroweak 
scale should also unify the strong force. It implies that we could merge the strong force and electroweak 
interactions into the one theory known as the Grand Unified Theories (GUTs). Independently, Einstein 
attempted to unify the electromagnetic force with gravity ultimately. 

Can we actually unify the theory of the strong force and the electroweak theory at the high energy scale? 
The three different gauge strengths for electromagnetic, weak, and strong forces are determined by the 
ways of the divergence cancellations. Unfortunately, all of the strengths do not meet each other precisely 
at the GUTs energy scale (~ 10 15 GeV). How about the unification to gravity? This problem is related to 
the hierarchy problem. The SM cannot include the theory of gravity since the quantum effects on gravity 
give unavoidable infinities, i.e. nonrenormalisabilitites. The energy scale, at which both quantum and 
gravitational effects are equally significant, is expected to be around the Planck scale (~ 10 19 GeV), 
and it is is far beyond the electroweak scale. The failures of the unifications are understandable, given 
that the Planck (or GUTs) scale corresponds to the earliest period of the thermal history of the Universe 
from zero to 10 -43 (or 10 -34 ) seconds just after the "Big Bang". Hence, we ended up failing to unify 
the three different forces as well as to solve the hierarchy problem. 

One of the particularly exciting solutions for these problems is the addition of an exotic symmetry, 
supersymmetry (SUSY), to the SM gauge groups. The energy scale of the theory of SUSY lies in 
between the electroweak scale and the GUTs scale; therefore, SUSY solves the hierarchy problem. 
More nicely, the theory predicts the same matching point for the three gauge strengths at the GUTs 
scale. Thus, the discovery of SUSY would be one of the biggest successes in the 21st theoretical 
physics, and may solve other cosmological problems as we will discuss shortly. 



1.2 The Big Bang theory to cosmic inflation models 

The recent developments of observational equipments reveal the detailed thermal history of our Uni- 
verse, starting from Big Bang to present (13.7 billion years). The Big Bang Theory or BBT for short 
is based on both general relativity and the cosmological principles in which the energy density of our 
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Universe was uniformly distributed over the large scale and the space-time topology of the Universe has 
been flat for a long time. In other words, there are no special regions in the Universe, where some small 
special regions play no important roles of the history and topology of the Universe. To describe such 
a simple profile over the largest observable scale of the Universe, modern cosmologists often use the 
following technical words: homogeneity and isotropy. The small scales of the Universe, on the other 
hand, consist of the inhomogeneous regions which are stars, galaxies, and clusters of galaxies. In 1922, 
Friedmann et al. solved the Einstein equation with the cosmological principles, and proposed that the 
Universe should be expanding. In the two years later, Hubble measured the distances and the receding 
speeds of 18 galaxies; he then concluded that each galaxies was indeed receding from us with the linear 
relation between the distance and the speed, known as the Hubble expansion. As a smoking gun of the 
cosmological principles, Penzias and Wilson discovered the isotropic cosmic microwave background 
radiation (CMB) which has a black body spectrum with the low temperature, 2.73 Kelvin 

The present individual observations, Wilkinson Microwave Anisotropy Probe (WMAP) Sloan Dig- 
ital Sky Survey (7;] and Type la supernova (SNIe), determine the precise magnitude of the Hubble 
expansion rate. They also back up a homogeneous and isotropic profile of the Universe on scales larger 
than ~ 100 Mpc. The history of the Universe is now well understood from the first few minutes after 
the Big Bang. At the few minutes cosmic time, nucleosynthesis took place, creating light nuclei, e.g. 
hydrogen, helium, and lithium, while carbon and the heavier elements were rarely produced in the inte- 
rior of stars far more later. The observations of the abundances of those light elements are in excellent 
agreement with the recent theoretical predictions. In fact, the 4 He abundances are correctly calculated 
within 1 — 2% [8], and the semi-analytic estimations on the abundances of deuterium, 3 He, and 7 Li are 

a 

accurate within a factor of 2 — 3 [9H . These great successes of Big Bang Nucleosynthesis (BBN) and the 
detection of the Hubble expansion have firmly built up the BBT 

The BBT predicts that the early Universe was extremely hot and dense due to the fact of the Hubble 
expansion. In such small and high-energy environment, the quantum effects are not negligible; indeed, 
there are a number of issues of the BBT. We present the five principle problems from now on. First, no 
information can travel faster than the speed of light according to the standard BBT. Therefore, the Uni- 
verse should consist of patches of the causally connected regions. In this sense, each of the disconnected 
regions should be uncorrelated with those neighbors. However, the actual temperature distribution of 
the CMB is almost isotropic over a large scale which is much larger than the predicted scale, only about 
2 degrees on the sky, from the BBT, i.e. the horizon problem. The second issue is a fine-tuning problem 
on the space-time topology, the flatness problem. The Friedmann equations give the three possibilities 
of the topology, depending on the total dimensionless energy density £1 of the Universe. The value of Vl 
has been extremely close to unity for billions of years, where Vl = 1 corresponds to the flat space-time 
geometry. It implies that the "God" must fine-tune the value of SI to remain to be unity for the extremely 
long history of the Universe. This is because any small departure from the flat space-time leads to the 
other two kinds of topologies obtained by the Friedmann equations. The third problem is the production 
of magnetic monopoles, which may naturally exist in many extensions to the SM. A magnetic monopole 
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is a theoretical object, but it has not yet been detected in our Universe. In fact, we cannot obtain a single 
side of the magnet (either the north or south pole) even when cut in half. The origin of the imbalance 
between matter (baryons) and anti-matter (anti-baryons) is another controversial puzzle. In BBN, the 
amount of ordinary matter density nb relative to the number density of radiation n 1 , namely the baryon- 
to-photon ratio n&/n 7 , can explain the light element abundances, but it says nothing about the origin of 
the ratio. The physics within the BBT suggests that both baryons and anti-baryons should be equally 
created, conserving their charges. It implies that all of the elements (atoms, galaxies, and even human 
beings) should not exist now since the annihilations between matter and anti-matter take place instantly. 
The final question of the BBT is the existence of the non-luminous massive matter, dark matter. Ac- 
cording to the luminosity distribution of a given galaxy, the analytically predicted rotation velocity of 
the galaxy at large radius is slower than the observed value. It implies that a large amount of invisible 
massive matter must exist in the galaxy. 

How can we solve these problems of the BBT? First of all, we have to modify the very early epoch of the 
Big Bang cosmology. The widely accepted solutions of the first three problems, the horizon problem, 
the flatness problem, and magnetic monopole problem, require that a rapid space-time expansion should 
take place in the very short era just after the Big Bang. This idea, called cosmic inflation or just infla- 
tion, is compatible with many observational results. The fast expansion of inflation gives the reasons 
why the temperature of the CMB is almost same for any directions and how the causally disconnected 
regions are correlated due to the past explosive expansion. Additionally, inflation stretches out the past 
curved space-time and dilutes the primordial inhomogeneity, anisotropy, and the density of the exotic 
particles, such as magnetic monopoles. The other two problems, the asymmetry between baryons and 
anti-baryons and dark matter, will be discussed in the following sections. 

Is inflation alternative to the BBT? The inflation models compensate the weaknesses of the BBT, such 
as an origin of the cosmological principles and the generation of of the large scale structure of the 
Universe through quantum fluctuations. These density fluctuations deviated from the homogeneous 
and isotropic values are expected to be nearly scale-invariant and Gaussian, which impressively agree 
with the WMAP data. Inflation itself is not a complete theory; rather, it is a modification model of the 
successful BBT. Inflation has however several problems, too. Although the inflation energy scale should 
be around the GUTs scale, we do not know what the origin of the inflation is. Further, the temperature 
of the very early Universe was proposed to be nearly zero during inflation, but the early era of the Big 
Bang Universe should be hot. This discrepancy implies that we need a dynamical mechanism to heat up 
the cold Universe after inflation, jointing to the onset of the Big Bang cosmology. In a typical scenario 
of reheating the very early Universe, the dominated energy account for the rapid expansion was released 
to create the usual SM particles, and in principle the Universe was thermalised by the random motions 
and scatterings of the created particles. 

Let us itemize the two problems that we did not answer yet: baryon asymmetry and dark matter. It will 
turn out that these two problems are related each other, and the plausible solutions could be made by the 
use of the inflation theory and the new theory of particle physics, namely SUSY. 
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1.3 The two quantities in particle cosmology 

- baryon asymmetry and dark matter 



The present asymmetry between baryons and anti-baryons in the Universe is one of the most mysterious 
problems in cosmology and particle physics. Indeed, no concentration of anti-baryons has been detected 
in our observable Universe. From the current several observations (CMB anisotropy measurements, 
SNIe data, and BAO peak measurements) |5[, the energy density of baryons is only about 4.6% of the 
total energy density of the Universe. The remainder of the energy components consist of both dark 
matter (23.3%), and dark energy (72.1%). The baryon-to-photon ratio is also given in ifioj . 

— ~ (4.7-6.5) x 1(T 10 . (1.1) 

The ratio of the dimensionless energy density between dark matter and baryons is independently ob- 
tained in Jill 

= 5.65 ± 0.58. (1.2) 

Jib 

This thesis deals with a number of issues related to the origin of the above two quantities. 

The first quantity, Eq. (11.1b . is larger by a factor of 10 9 than that predicted within the conventional BBT 
where the quantity was assumed to be zero. In 1985, within the SM of particle physics, Shaposhnikov et 
al. J12I1 considered a model based on electroweak physics to explain the origin of this baryon abundance, 
the so-called electroweak baryogenesis. It satisfies the well-known Sakharov's conditions required for 
successful baryogenesis |13], namely baryon number production, the violation of discrete symmetries 
[charge conjugation (C) and charge parity (CP)], and departure from thermal equilibrium. The magni- 
tude of the CP violation of the SM is, however, far too small to produce the present observed baryon 
asymmetry. To solve these problems within both BBT and the electroweak baryogenesis, we require 
SUSY in addition to the usual gauge symmetry group of the SM. In the minimal super-symmetric ex- 
tension of the SM (MSSM), Affleck et al. IhI and Dine et al. J15I proposed a more successful baryoge- 
nesis scenario, known as Affleck-Dine (AD) baryogenesis. It can solve a number of severe cosmological 
problems, such as gravitino and moduli overproduction, which are harmful for successful BBN. More 
strikingly, AD baryogenesis may also provide the mechanism to obtain the second quantity, Eq. (11.2b . 
which implies that the baryonic matter and dark matter could share the same origin. 

How does AD baryogenesis naturally provide the quantities in Eqs. dl.llll.2t ? Let us now look at the 
original AD baryogenesis scenario in the MSSM in more detail (for a review see iHl ). The MSSM 
has nearly 300 flat directions, some of which are uplifted by SUSY breaking effects arising from non- 
renormalisable terms, and we can parametrise one of the flat directions in terms of a complex scalar 
field known as an AD field, which consists of a combination of squarks and/or sleptons (supersym- 
metric partners of quarks and leptons). During an inflationary epoch in the very early Universe, the 
AD field evolves to a large field expectation value, and squarks and sleptons form homogeneous con- 
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densate. After inflation, the motion of the AD field can be kicked along the phase direction due to 
the A-terms arising from the nonrenormalisable terms, which are essential for the baryon generation. 
Through thermal scattering, the AD condensate decays into the usual baryons/leptons and the lightest 
SUSY particles (which are candidates for dark matter), the AD baryogenesis then becomes complete. 
By including radiative and/or thermal corrections to the mass term of the scalar potentials, it alters the 
above standard AD baryogenesis scenario and gives a rich variety of cosmological implications ifTvll . 
In this alternative scenario, the AD condensate can be classically unstable against spatial perturbations, 
and fra gme nt to bubble-like objects, eventually evolving into a stable nontopological soliton, the SUSY 
Q-ball II 180 . which is a candidate for self-interacting cold dark matter. The fraction of the Q-balls could 
also contribute to the number density of baryons. With a low-energy SUSY breaking scale Ms ~ 1 — 10 
TeV and a plausible charge Q ~ 10 26 (baryon number) of the SUSY Q-balls, Laine et al. jl% found 

nb 1ri _io ( M s \~ 2 / Q \~ 1/2 tt DM 



which are the correct orders of magnitude required in Eqs. (11.1111.21 ). 



1.4 Q-ball and its stability 

What exactly is a soliton and Q-ball? A soliton is a nonlinear and nondissipative solution which ap- 
pears in a large variety of both classical and quantum field theory. The energy density of this solution is 
smooth, and compacted in a finite region space, and solitons themselves behave as the usual elementary 
particles of the SM. Because of the origin of their stability, there exist two types of solitons, i.e. topologi- 
cal solitons and nontopological solitons. A conserved Noether charge stabilises nontopological solitons, 
unlike the case of topological solitons whose stability is ensured by the presence of conserved topo- 



logical charges. In a pioneering work by Freidberg, Lee, and Sirlin [20], nontopological solitons were 
introduced in a successful quantum chromodynamics (hadron) model. Later, Coleman I21I proposed 
that it was possible for a new class of non-topological solitons to exist within a self-interacting scalar 
field theory by introducing the notion of a Q-ball. His model had a continuous unbroken global U(l) 
charge Q, which corresponds to an angular motion with angular velocity oj in the U(l) internal space. 
Once formed, a Q-ball is absolutely stable if five conditions are satisfied: (1) existence condition - its 
potential should grow slower than the quadratic mass term, and this can be realised through a number 
of routes such as the inclusion of radiative or finite temperature corrections to a bare mass, or nonlinear 
terms in a polynomial potential, (2) absolute stability condition - the energy Eq (or mass) of a Q-ball 
must be lower than the corresponding energy that the collection of the lightest possible scalar particle 
quanta could have, (3) classical stability condition - the Q-ball should be stable to linear fluctuations; 
with the threshold of the stability being located at the saddle point of the Euclidean action, (4) fission 
condition - the energy of a single Q-ball must be less than the total energy of the smaller Q-balls that 
it could in principle fragment into, (5) decays into fermions - a Q-ball should not couple with fermions 
strongly. If coupling with light/massless fermions, the Q-ball evaporates via the surface area. For the 
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first condition to be satisfied, we require 



CJ_ < \uj\ < LU +1 (1.4) 

where uj t are the lower and upper limits of uj that the Q-ball can have. The lower limit uj ~ cj_ can 
define thin-wall Q-balls, whilst the upper limit u> ~ ui + can define "thick-wall" Q-balls. Although 
the thin-wall Q-ball can actually have a thin-wall thickness, the "thick-wall" limit does not imply that 
the "thick-wall" Q-ball has to have a large thickness which is comparable to the size of the core size. 
In chapter [2] of this thesis, we review the fundamental properties of Q -balls with a complete classical 



stability analysis given in Appendix[A] following the original work in 112011 . As a first nontrivial example 
of standard Q-balls, in chapter[3]we inspect both analytically and numerically the stationary properties 
of a single Q-ball in an arbitrary number of the spatial dimensions with a general polynomial potential, 
working in the both thin- and thick-wall limits. We discover the connection of the analyses between the 
virial relation and the thin- and thick-wall approximations, giving an important quantity 7 defined by 

En oc Q lh . (1.5) 



1.5 Supersymmetric Q -balls 

From a phenomenological point of view, the most interesting examples are the SUSY Q-balls aris- 
ing within the MSSM. Since they suffer from evaporation, diffusion, dissociation and decay into light 



fermions 12211 . SUSY Q-balls are generally not stable but long-lived. The stability and cosmological 



consequences [such as Eqs. ( II. 1111. 2H of these Q-balls depend on how SUSY is broken in the hidden 



sector, transmitting to the observable sector through so-called messengers. In the gravity-mediated J23] 



or gauge-mediated scenarios [24], the messengers correspond respectively either to supergravity fields 
or to some heavy particles charged under the gauge group of the SM. So far, no reliable stability anal- 
yses on these SUSY Q-balls have been performed analytically as well as numerically. In chapter 0] 
we, therefore, present a thorough stability analysis of the SUSY Q-balls with flat potentials arising in 
both gravity-mediated and gauge-mediated models. We show that the associated Q-matter formed in 
gravity-mediated potentials can be stable against decays into their own free-particles as long as the cou- 
pling constant of the nonrenormalisable term is small, and that all of the possible three-dimensional 
Q-ball configurations are classically stable. Three-dimensional gauge-mediated Q-balls can be abso- 
lutely stable in the "thin-wall" limit, but are completely unstable in the "thick-wall" limit. In both of the 
above models, we also obtain the values of 7, e.g. 1/7 = 3/4 for "thin-wall" Q-balls in gauge-mediated 
potentials. This example turns out that these Q-balls are the most energetically compact state given a 
sufficiently large charge, recalling Eq. (11.5l l. 
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1.6 Observational limits on Q-balls 



Can we detect the signals of Q-balls through observations? The current experiments in the search 



for SUSY Q-balls are sensitive to electrically neutral Q-balls (SENS) [25] and electrically charged 



Q-balls (SECS) 12611 where the present and past experiment data and the estimations from the future 
experiments are summarised in Fig. II . II for SENS and Fig. 1 1.21 for SECS. The core of a SENS has a 
large vacuum expectation value of squark, slepton, and/or Higgs fields, where the symmetry of the 
strong force (colour confinement, which is the binding of mesons and baryons, composed of two and 
three quarks (q), respectively) is broken. If a nucleon enters into this deconfinement region, it dissociates 
into three quarks, some of which may be absorbed by the SENS. This implies that the following reaction 
may happen, qq — > qq, releasing the energy, ~ 1 GeV/nucleon, where q is the anti-quark of a quark {q). 
Moreover, a similar process to proton decay may take place around the thin-wall region of the SENS. 
From the Japan-US large underground water Cherenkov detector, Super-Kamiokande I27L an upper 
bound on the SENS flux has been obtained, which is equivalent to giving the lower bound on the mass 
of the SENS, i.e. 

/ M \ 4 

E Q > [4.0 x 10 11 , 1.2 x 10 13 , 5.6 x 10 13 ] f — | J GcV, (1.6) 

with the respective cross sections [0.1, 1, 10] mb, where Ms is a typical SUSY breaking scale appeared 
in Eq. (11.3b . On the other hand, for a sufficiently large charge, a SECS whose effective radius is ~ 1 
A comparable to an atom size accompanied with electron clouds loses the energy due to the interaction 



with nuclei and electrons of the traversed medium. In the SLIM and MACRO experiments 12611 . which 
are designed to be sensitive to SECS, it also gives the upper bound on the SECS flux and equivalently 
the lower bound on the SECS mass with the electrical charge Zq = 137, i.e. 

E Q > 2.5 x 10 7 ( P . L ) GcV, (1.7) 

where p and L are the density and length of the electronic medium. The present best experimental limit 



from Super-Kamiokande II 12511 is 

Q > 10 24 , (1.8) 
cf. Eq. ( 11.3b : the future Cherenkov detectors are expected to tighten these limits further. 
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Figure 1 (b) 



FIG. 1.1: Figure 1 (a) cited from l27ll plots the several bounds on flux and mass for SENS (Zq = 0) where 
Zq is an electric charge and Mq (or equivalently Eq) is the mass of SENS. The diagonal line corresponds to 
the flux estimated under the assumption that dark matter in the galaxy (~ 0.3GeV/cm 3 ) is mainly from SENS. 
Therefore, the regions 4, which is above this diagonal line, is ruled out. The region 1 is also experimentally banned 
by Gyrlyanda uM , BAKSAN (2^1 . and Kamiokande f30h : similarly, the region 2 is also excluded by the Super- 
Kamiokande experiments. The future experiments, such as TA I3II1 and OA l32ll . will clarify the region 3. Figure 
1 (b) shows the bounds for the charge Q and the SUSY breaking scale Ms for SENS in the regions 5,6, and 7 
where each regions was obtained by the same experiments as the regions 1, 2 and 3, respectively. Below the 'B-Ball 
Stability Limit' line, the region 8 is excluded so that the allowed region is Q > 10 22 where SENS can be dark 
matter or part of it. 
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FIG. 1.2: Figure 6 (a) also cited from plots the the flux and mass for SECS with Zq = 137 instead of SENS. 
The region 4 above the diagonal line is also excluded as before. We can also exclude the reg ions 1 and 2 by the 
present and past experiments such as KEK&k, AKENO 0], UCSDII Q, MACRO (ME! 3, 0YA & 
NORIKURA HU, SKYLAB HI, KITAMI HlTand MICA S and by the future experiments, e.g. AMS HQ. 
Similarly, Figure 6 (b) is plotted as Figure 1 (b). 
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1.7 Q-ball formation 



The final big question, which is the main goal of this thesis, might be 'How do Q-balls form and interact 
with each other in the very early Universe ?'. The dynamics and formation of Q-balls involve nonlin- 
ear, nonperturbative, and out-of-equilibrium processes, which generally require numerical simulations. 
With different relative phases and initial velocities between two Q-balls in a polynomial potential, we 
found rings form after the collision of a pair of the Q-balls | ll, e.g. see Fig.Q] It has been found 1461 
that similar ring-like solutions are responsible for the excited states from the ground state (Q-ball) by 
introducing extra degrees of freedom, i.e. spatial spins and twists. Further, the main Q-ball formation 



4811 : however, those 



process has been examined in gauge-mediated and gravity-mediated models 147 , 
previous analyses used initial conditions, which were chosen under a simple assumption, and the lattice 
simulations were too small and short to reproduce satisfactory results. With more generic initial con- 
ditions and much larger and longer lattice simulations, we present, in chapter [5] both analytically and 
numerically the consistent analysis from the AD dynamics to the subsequent semiclassical evolution, 
i.e. Q-ball formation, in both gravity-mediated and gauge-mediated models. We obtain analytically the 
elliptic motions in the AD dynamics as the analogy of the well-known planetary motions (i.e. Kepler- 
problem). By solving the equations of motion in a 3 + 1 (and 2 + l)-dimensional lattice with 512 3 (and 
512 2 ) lattice units, we find that the Q-ball formation goes through three distinct stages as a model of 
reheating process in the very early Universe after inflation: pre-thermalisation, bubble collisions and 
main thermalisation. The second stage of the Q-ball formation lasts rather long compared to the first 
stage, and the main thermalisation process is unique due to the presence of "thermal thin- wall Q-bails". 



1.8 Outline of the thesis 

This thesis is organised as follows. In chapter 12 we introduce the fundamental aspects of Q-balls. 
We then show the detailed stability analysis and stationary properties of both thin- and thick-wall Q- 



balls in a general polynomial potential in chapter [3] |49|| . Following this analysis, we study both the 
classical and quantum-mechanical stability of Q-balls in the MSSM flat potentials in chapter l4l 1501. 
With numerical lattice simulations, we investigate how those SUSY Q-balls form in chapter [3] [51 J. 
Finally, we summarise our main results and discuss possible future work in chapter Six appendices 
are included. We present the complete classical stability analysis of Q-balls in Appendix [A] For the 
analysis of gravity-mediated Q-balls, we find an exact solution in Appendix iBl and show the classical 
stability of the Q-balls in the thick-wall limit with a Gaussian ansatz in Appendix [C] We find the 
equations of motion for multi-scalar fields in AppendixfD] In Appendix[E] we obtain elliptic forms for 
the orbits of AD fields. In Appendix [F] we prove Bertrand's theorem that there are only two potential 
forms allowed to be closed "planetary" orbits. 
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Chapter 2 



Foundations 



2.1 Introduction 



In a pioneering paper published in 1985 H21H . Sidney Coleman showed that it was possible for a new 
class of non-topological solitons 11201] to exist within a self-interacting system by introducing the notion 



of a Q-ball (for reviews see 



y 




530). Once formed, a Q-ball is absolutely stable if the five 



conditions, one of which is shown in Eq. dl.4t . are satisfied. The lower limit, u> ~ cj_, of the existence 



condition in Eq. (11.41 ) can define thin- wall Q-balls, either without 12111 or with 
being taken into account, while the upper limit, u) ~ u>+, can define thick-wall Q-balls in [18] which 
may be approximated by a simple Gaussian ansatz I 5(]l . 



There is a vast literature on nontopological solitons, including Q-balls. They have been seen to be 

iBflfl 



solutions in Abelian gauge theories 



Abelian gauge theories 165 , 



66, 



6111 . in non- Abelian theories |[& 



6711 . in self-dual (Maxwell-) Chern-Simons theory 



noncommutative complex scalar field theory |72], in 



models which include fermionic interactions 
79, 



57 



75 



(nonlinear) sigma models |73 



63 



68 



69 



54J1, in non 



7fl 



21D, in 



181 



80] 



74H . and in hadron 
76H . as well as in the presence of gravity 



Q-balls themselves have been quantized either by canonical 



1 2(1 



or by path integral schemes 



8211 . With thermal effects, it has been shown that Q-balls coupled to light/massless fermions are 



able to non-perturbatively and semi-classically evaporate away on their surface 122 , 



sufficiently low temperatures they become stable, indeed they then tend to grow 119 , 



83 



8411 ; however, at 



in 12C 



8511 . The authors 



8611 have discussed and analysed the spatially excited states of Q-balls, including radial modes or 



spatially dependent phase excitations. A more general mathematical argument concerning the stability 



of solitary waves can be found in (87 



8911 . Standard Q-balls exist in an arbitrary number of space 



dimensions D and are able to avoid the restriction arising from Derrick's theorem 19011 because t hey are 



time-dependent solutions. A related class of objects to Q-balls are known as oscillons 



93J or 



as I-balls 19411 . and recent attention has turned to the dynamics of these time-dependent, nonlinear, and 



metastable configurations 195 



96. 



97] 



In this chapter we review the important stationary properties of a standard Q-ball in an arbitrary number 
of spatial dimensions D. By introducing a Q-ball ansatz in Sec. 12.21 we obtain powerful tools, Legendre 
relations and characteristic slopes, in Sec. I2.3l and Sec. 12.41 In Sec. 12.51 we then obtain a Q-ball equation 
and the existence condition, which requires certain restrictions on the allowed potentials. In Sec. I2.7l we 
obtain four types of Q-ball stability conditions. By scaling a Q-ball solution, we find the characteristic 
slopes, depending on the ratio between the surface energy and potential energy, in Sec. 12.81 In Appendix 
lAl we show a general classical stability analysis of Q-balls, following 15211 . This chapter contains work 
that is published in [49]. 



2.2 g-ball ansatz 

We consider a complex scalar field <j> in Minkowski spacetime of arbitrary spatial dimensions D with a 
U(l) potential bounded by C/(|</>|) > for any values of </>: 

S = J d D+1 xy/=g£, (2.1) 

where C = —g^d^^-U^). (2.2) 

The metric is ds 2 — g fiv dx fl dx v = —dt 2 + hijdx l dx^ and g is the determinant of g M „, where p,, v run 
from to D, and i, j denote spatial indices running from 1 to D. Now, using the standard decomposition 
of (f) in terms of two real scalar fields (j) — ce* 9 , the energy momentum tensor = — -7= — h 
(symmetrising factors) and the conserved U(l) global current j^irti) y i a me Noether theorem, we 
obtain 

T MV - {d Vi (Td v (T + & l d ll 9du6)+g lu ,C, (2.3) 
j^u(i) = <? 2 d^e. (2.4) 

Using a basis of vectors {n 1 ?^ } where is time-like and are space-like unit vectors oriented along 
the spatial i-direction, the above currents give the definitions of energy density pe, charge density pq, 
momentum flux Pj and pressure p: 

p E = T^n^n^y, p Q = j^ t) ; Pi = T^n^n^; p = T^n^n^ . (2.5) 

Defining the D dimensional volume Vd bounded by a (D — l)-sphere, the Noether charges (energy, 
momenta, and U(l) charge) become 

E= ( p E , P i= [ P h Q= [ p Q , (2.6) 

Jv D Jv d Jv d 

where J v = J d D xV~h. Minimising an energy with a fixed charge Q for any degrees of freedom, 
we find the Q-ball (lowest) energy Eq by introducing a Lagrange multiplier u> and setting n^ 1 = 



14 



(-1,0,0, . . . ,0): 



E Q = E + oj[Q- / p Q ), (2.7) 

'Vd 



(2.8) 



= c^Q + y Q|o 3 + CT 2 (fl- £< ;) 3 + (VCT) 2 +<7 a (Vfl) a } + ^ ) 
= wQ + S*, (2.9) 

where = U — \lo 2 o 2 , & = 4£ etc... and w will turn out to be the rotation frequency in the U(l) 
internal space. The presence of the positive definite terms in Eq. ( 12.8b suggests that the lowest energy 
solution is obtained by setting & = = 8 — oj = V(9. The Euclidean action S u and the effective 
potential U u in Eqs. ( 12. 8112. 9b are finally given by 

= I i(Va) 2 + U u , U U = U- \u 2 a 2 . (2.10) 
Jv D 1 1 

The second term in U w comes from the internal spin of the complex field. Following Friedberg et. al 



1 2011 . it is useful to define the functional 



Gi = \{Va) 2 + U = E Q - Qco 2 j I = S u + Qco 2 j I, (2.11) 

where \w 2 is the corresponding Lagrange multiplier and / = J Vd a 2 . 

Given that the spherically symmetric profile is the minimum energy configuration 
the standard stationary Q-ball ansatz at zero-temperature 



980, we are lead to 



4> = a{r)e jMt . (2.12) 



Substituting Eq. (12.12b into Eq. ( 12.5b . we find 



PE = \o n + U+^(t 2 lj 2 , p Q = U)a 2 , (2.13) 
Pr = \o' 2 -U^, P i= 0, (2.14) 

where a' = ^ and p r is a radial pressure given in terms of the radially oriented unit vector = 
(0, 1, 0, . . . , 0). Without loss of generality, we set both u> and Q as positive. 



2.3 Legendre relations 



It is sometimes difficult to compute Eq directly, but using Legendre relations often helps 12011 . In our 
case, from Eq. (12.9b and Eq. (12. lib we find 

dE Q 



dQ 



dS w 



= -Q, d ^L 
dl 



1 2 



(2.15) 



because Q-ball solutions give the extrema of Eq, S u , and Gi with respect to Q, u>, and /, respectively. 
These variables match the corresponding "thermodynamic" ones: Eq, u>, Q, S u , and Gj correspond 
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to the internal energy, chemical potential, particle number, and "thermodynamic" potentials 1 19,]. After 
computing Su, or G/, one can calculate Q or ^w 2 using the second or third relation in Eq. ( 12.151 ). and 
can compute Eq using Eq. ( 12.9b or Eq. ( 12.111 ). i.e. 

S L0 ^Q = - < ^^E Q =uQ + S L0 , (2.16) 
dui 

or similarly Gj — ► \uo 2 = ^jf- — ► Eq = Gj + i", S w = Gi - (±w 2 ) I. We shall make use of 

this powerful technique later. 



2.4 The characteristic slope 



Let us define 



7 M = ^. (2.17) 

uiQ 



If 7 is not a function of u>, we can obtain the following proportional relation using the first expression 
ofEq. dXBl ) 

EqgcQ 1 ^. (2.18) 



2.5 g-ball equation and existence condition 

Let us consider the action S = — J dtS u in Eq. d2.ll ) with our ansatz Eq. ( 12.121 ) and the following 
boundary condition on a (D — l)-sphere which represents spatial infinity 

cr'| = on the (D - l)-sphere. (2.19) 

Varying with respect to a, we obtain the Q-ball equation: 

^ + = 0, (2.20) 

ar z r ar da 

There is a well known mechanical analogy for describing the Q-ball solution of Eq. (12.20b J21I . and 
that comes from viewing Eq. (12.20b in terms of the Newtonian dynamics of an unit-mass particle with 
position a, moving in potential — U u with a friction where r is interpreted as a time co-ordinate. 
Moreover, pq = loo 1 can be considered as the angular momentum Q. Note that the friction term is 
proportional to ^=1, and hence becomes significant for high D and/or small r. According to Eq. ( 12. 21b . 
the "total energy", | (^r) 2 — U^, is conserved for D = 1 and/or r — > 00, implying that in that limit the 
Q-balls have no radial pressure, see the first expression of Eq. ( 12.14b . Of course these are really field 
theory objects and consequently more restrictions apply: 




I is realised as an inertia moment in this mechanical analogy I2ll l2 
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• no symmetry breaking, in other words a(r — > large) = 0; U" (a = 0) = m 2 > with an effective 
mass to, 

• regularity condition: a'ir = 0) = 0, 

• reflection symmetry under a — > —a. 

Note that Eq. ( 12.20t coupled with the boundary condition Eq. ( 12.191 1 implies a(r) is a monotonically 
decreasing function, i.e. a' < when the solution is nodeless. In fact, according to Eqs. ( 12.19ll2~20l > 
and the above conditions, our mechanical analogy implies that a particle with an unit mass initially at 
rest should be released somewhere on its potential, eventually reaching the origin at large (but finite) 
time and stopping there due to the presence of a position- and D- dependent friction. It implies that the 
initial "energy" of the particle will monotonically decrease due to the friction term, and eventually lose 
all of the energy when it will reach at the origin, a = 0. These requirements constrain the allowed forms 
of the U(l) potentials: for example if the local maximum of the effective potential — U u is less than 0, 
the "particle" can not reach the origin, a process known as undershooting. To avoid undershooting we 
require 

max(-U u ) > min ( ^ ] < u? . (2.22) 



(7 



If — is convex at er = 0, the "particle" cannot stop at the origin, a situation termed overshooting 
such that 

STT.. _ d 2 TJ 

(2.23) 



n 2 d 2 U 



da 2 

Combining Eqs. ( 12.221 l2~23l , we find the condition on ui for the existence of a single Q-ball at zero- 
temperature: 

(J- < M < uj+, (2.24) 

where we have defined the lower limit lo 2 = min (^-) = ^51 , . > 0, cr+(u>) is the nonzero 
value of a where U w (a+ (w)) is minimised (see Figs. 12. Il and l4. It . and the upper limit lj 2 ^ = 

<T = 

Here, we defined the maximum of the effective potential to be at a+(u)) (i.e. ^^j^ / > = 0); thus, 
^- = an d U UJ _(a + ) = where a+ = cr_|_(o>_). Moreover, cr_(w) satisfies U u (a- (ui)) = 

for er_ (cj) 7^ 0. Notice cr-(w) — ct + (uj) when w ~ The case, w_ = 0, corresponds to degenerate 
vacua potentials (DVPs), while the other case, w_ ^ 0, does not have degenerate vacua (NDVPs). In 
Figs. 12. 1 I and l4. 11 we indicate the above introduced parameters, a±(cu) and using typical original 
and effective potentials for both DVP (left) and NDVP (right), which we will use later. 

The existence condition in Eq. (12.24b restricts the allowed form of the potential U, which implies that 
the potential should grow less quickly than the quadratic term (i.e. mass term) for small values of a; 
hence, U(l) potentials must have a nonlinear interaction and U u is weakly attractive 15211 . In chapter|3] 
we examine the case of polynomial potentials and restrict ourselves to the case of lo\ = to 2 , where to 
is a bare mass in the potentials. In chapter|4]we extend our analysis allowing us to investigate the case, 
^ to 2 , needed since the potentials include one-loop radiative corrections to the bare mass to. Here, 
the potential which we will consider in the gravity-mediated models is U — U grav + Unr, where Unr 
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is a nonrenormalisation term (to be discussed in Sec. 14.21 ). and 

(1 



U, 



grav 



\ m2 ° 2 ( 1 + /nn VMV 



(2.25) 



Here, K is a constant factor arising from the one-loop correction and M is the renormalisation scale. 
When the sign of K is negative, Q-balls may exist subject to the coupling constant in Unr- 
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FIG. 2.1: Parameters a±(u>) in two typical potentials U(a) = ^a 2 — Aa 4 + Ba 6 where u>+ = m = 1 and the 
effective potentials — Uu are plotted for various values of uj: degenerate vacua potential (DVP) with A = |, B = | 
on the left and non-degenerate vacua potential (NDVP) with A — 1, B = | on the right. The DVP has degenerate 
vacua in the original potential —U (red solid line) where we set oj- — 0. The NDVP does not have degenerate 
vacua, but with ui — u>- = 0.5 (sky-blue dot-dashed line) the effective potential — U u does have degenerate vacua. 
The two lines in the lower limit u> = u- show that <t-(uj) — > o-+(cu) where we have defined the maximum of 
the effective potential to be at tJ+(uj) and Uuj(a-(uj)) — for t_(lj) 7^ 0. The purple dotted-dashed lines show 
<r_ (uj) — > with the thick- wall limit u = With some values of uj (green dotted lines) satisfying the existence 
condition Eq. l !2.20t . both potentials show the values of cr T (a;) clearly. 



2.6 Thin- and "thick-wall" Q-balls 

2.6.1 Definitions 

To proceed with analytical arguments, we consider the two limiting values of ui or <jq(uj) = <r(0) that 
describe 

• thin- wall Q-balls when lu ~ cj_ or equivalently (Jo(oj) ~ cr + (oj), 

(2.26) 



"thick- wall" Q-balls when lu ~ lu + or equivalently <j (uj) ~ <j-(ui). 



Note, the "thick-wall" limit does not imply that the "thick-wall" Q-ball has to have a large thickness 
which is comparable to the size of the core size. For the extreme thin-wall limit, uj = cj_, thin-wall 
Q-balls satisfy, ^ = 7(lj_)cj_, see Eq. ( 12.17b . In particular Coleman demonstrated that a step-like 
profile for Q-balls, which generally exist for u)_ ^ 0, satisfies 7=1, which implies that the charge Q 
and energy Eq are proportional to the volume [see Eq. ( I2.18H . and he called this Q-matter I21L We 
will not be considering Q-ball solutions that exist in a false vacua where uj^ < 15411 . When it comes 
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to obtaining Q-ball profiles numerically, we will adopt a standard shooting method which fine-tunes the 
"initial positions" (Jq{uS) subject to er_ (uS) < (Tq(uS) < <j + (oj), in order to avoid both undershooting and 
overshooting. 

2.6.2 The infinitesimal variables: and m u 

For later convenience, we define two positive definite quantities, e w and m w , 

= -U u {a + {u)) = \<o 2 o\(u) - U(a + (u)), 

~ ^{uj 2 -LJ 2 _)a 2 + , (2.27) 

ml = m 2 -uj 2 , (2.28) 

which can be infinitesimally small for either thin- or thick- wall limits. By assuming cr + (u) — a+(uj-) = 
er + in the thin-wall limit, we immediately obtain the second line in Eq. ( 12.27b . Let us remark upon im- 
portant exceptions, which we will discuss in chapter H] such that the above assumption is fine for the 
polynomial and gravity-mediated cases, while for gauge-mediated potentials which are extremely flat, 
the assumption, ct + (lo) ~ er + , can not hold because + does not exist. Therefore, we will not use 
the variable e w for the case of the gauge-mediated potentials. Indeed, it will turn out that the "thin-wall" 
Q-balls in the gauge-mediated cases do not have a thin-wall thickness. Further, the variable can not 
be infinitesimally small when we consider the gravity-mediated cases: lo 2 ^ ^ m 2 . 



2.7 Four kinds of stability 



2.7.1 Absolute stability 



When the volume Vrj approaches infinity 115 211 and/or u> is outside the limits of Eq. (12.24b . then plane 
wave solutions may exist around the vacua of C/(|0|). The equation of motion for (j> becomes a free 
Klein-Gordon equation whose solution can be written as cf> = Ne l ^ k ' s ~ u ' kt \ where uj^ = V m 2 + k 2 
and the normalisation factor N = 2 J^v D nas been calculated from Q. Then, the energy of the plane 
wave solution is proportional to u>k and Q linearly: Ef ree = u>kQ — » Ef ree ~ mQ where we have 
taken the infrared limit, to obtain the second relation. The energy Ef ree can be interpreted as the energy 
of a collection of Q free particle quanta with the rest masses to. Furthermore, one might expect that the 
Q-ball energy approaches Ef^e^/m the "thick-wall" limit, u ~ w+, since the Q-ball profiles approach 



zero exponentially at infinity [52]: 



Eq(uJ = LO + ) ~ Efree — mQ. (2.29) 



Hence, the absolute stability condition for a Q-ball becomes 



E 

E Q {u) < E free < m. (2.30) 
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We would expect Eq. (12.30b to be the strongest condition which a Q-ball solution has to satisfy. If the 
Q-ball has decay channels into other fundamental scalar particles which have the lowest mass m m i n , 
we need to replace m by m TO ,„ in Eq. ( 12.301 ). 



2.7.2 Classical stability 

The classical stability can be defined in terms of the mass-squared of the fluctuations around a 

Q-ball solution. For zero mass fluctuations this corresponds to a zero mode, i.e. translation and phase 
transformation of the Q-ball solution. Using collective coordinates and Eq. ( 12.201 ) which extremises S^, 
such a mode should be treated with special efforts. Since a detailed analysis can be found in AppendixlAl 



5211 . we simply state the final result which implies the classical stability condition 



and the literature (2C 

is 

gg< «^>0, (2.3„ 

where we have used Eq. ( 12.15b in the second relation of Eq. (12.31b . Since to and Q have the same sign, 
the sign of 4^ signals whether the solution is classically stable. The first relation of Eq. ( 12.31b indicates 
the presence of an extreme charge in the parameter space of u, (we will later see that the extreme charge 
at some critical value u> — uj c turns out to be the minimum allowed). Let us remark on the characteristic 
slope of Eq /Q as a function of u>: 

d ( Eq\ dQ 



du> \ Q ) Q 2 da; ' ^ 

where we have used Eq. ( 12.91 ) and Eq. ( 12.15b . Since is positive definite for D > 2 as we will see, 
the classically stable Q-balls should satisfy {^qj — The conditions from both Eq. ( 12.31b and 
Eq. (12.32b must be same. 

2.7.3 Stability against fission 

Suppose that the total energy of two Q-balls is less than the energy of a single Q-ball carrying the same 
total charge. The single Q-ball naturally decays into two or more with some release of energy. As shown 



in 115 211 . the stability condition against^m/on for a Q-ball is given by 



d 2 En dui 

-dCF^°^dQ^°> (Z33) 

where we have used Eq. ( 12.15b , going from the first expression to the next expression in Eq. ( 12.34b . 
Note that this is the same condition as we found above in Eqs. ( 12.3 11127321 . so the condition for classical 
stability is identical to that of stability against fission. 

Trying to summarise the stability so far, we can categorise three types of a Q-ball: i.e. absolutely stable, 
meta-stable, or unstable Q-balls. Absolutely stable Q-balls are stable quantum mechanically as well as 
classically; meta-stable Q-balls decay into free particle quanta, but are stable under small fluctuations; 
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whereas completely unstable Q-balls sometimes called Q-clouds [9^] decay into lower energy Q-balls 
or free particle quanta. 



2.7.4 Stability against fermions 

If coupling with light/massless fermions, a Q-ball decays through the surface area A of the object. This 



decay rate is suppressed by Pauli blocking, and the authors in [22] computed the upper bound on the 
rate per unit surface area for Q-matter 

dQ oj 3 _ 

dtdA ~ 192^2 ■ (234) 

For a small Yukawa coupling limit, they also obtained the decay rate for general Q-ball profile cases. 
The rate in Eq. (12.34b can be used to compute the life-time of the Q-ball. 



2.8 Virial theorem 

Derrick's theorem restricts the existence of static non-trivial scalar field solutions in terms of the num- 
ber of spatial dimensions. For example in a real scalar field theory, non-trivial solutions exist only in 
one-dimension, e.g. Klein-Gordon kink. Q-balls (or any nontopological solitons), however, avoid this 
constraint because they are time-dependent (stationary) solutions lis! Hi- We can easily show this and 
in doing so obtain useful information about the scaling properties of the Q-balls as a function of dimen- 



sionality as well as the ratio between their surface and potential energies. Following 15611 . we begin by 



scaling the Q-ball ansatz, Eq. (12.12l i. using a one-parameter family r — > or, whilst keeping Q fixed. 
Defining a surface energy S = J Vd \a n \ a potential energy U = J Vd U, and recalling that the charge 
satisfies Q = Iu, we see that the energy of the Q-ball, Eq. ( |2.9t , becomes 

E Q = S+U + ^. (2.35) 



Now, under the scaling r — ► ar, then Eq — > E'q where 



da 



a=l 



because the Q-ball solutions are 



the extrema (minima) of Eq. Evaluating this, we obtain the virial relation relating U and S 

Q 2 

DU = -{D- 2)5 + D-^j > (2.36) 
where we have used our earlier notation, U > 0, for any values of a. The case of Q = recovers 



Derrick's theorem, showing no time-independent solutions for D > 2 [56] . 



Using S = ^f - [D-2 + D^) from Eq. ( [236} , the characteristic slope Eq. dPTl) is 

7(w) = g = 1+ (l>-2 + I>?Q \ (2.37) 

For D > 2, we can see j(u>) > 1 because S, U > 0, which implies that S u is positive definite for 
D > 2, see Eq. (12.10b . while S u is positive for D = 1 only when U > S. 
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Let us consider three cases for D > 2: (i) S <C U, (ii) S ^ U, and (iii) S ^>U. They lead to predictions 
for ^-independent characteristic slopes 7: 

1 for(i) S<^U, 

(2£)-l)/2(D-l) for(ii) 5 ~ (2.38) 
(£)-l)/(Z)-2) for (iii) 5 > W. 

All of the Q-balls in the range of lu are classically stable because the terms, Eq /Q, monotonically 
increase as a function of u>, see Eqs. ( 12.321 12381 ). The first case (i) corresponds to the extreme thin- 
and thick-wall limits u ~ uj t as will see. In the second case (ii), the potential energy is of the same 
order as the surface energy which means S and U have equally virialised. This case will turn out to be 
that of the thin-wall limit for DVPs when the surface effects are included. At present it is not known 
what kind of Q-ball potentials correspond to the third case; however, we will shortly find a duality 
relation between this case and the second case. Notice that in the case S U for D = 2, we obtain 
the characteristic slope, 7 > 1, from Eq. ( 12.37b . Similarly for D = 1, the characteristic slopes are 
obtained, i.e. 7 — 1, 1, — 0, respectively for (i), (ii), and (iii). We will use these ID analytic results 
to interpret numerical results of one-dimensional Q-balls in the thin-wall limit. We note a nice duality 
which appears in Eqs. d2.37|[2~38l > between the two cases S ~ U and S ^> U. In particular for S ~ U 
in D dimensions, the same result for 7 is obtained (to leading order) in 2 x D dimensions when S 3> U. 

Suppose S/U = const, over a large range of u within the existence condition Eq. ( 12.24b except u> ~ w+ 
where Eq /uj+Q ~ 1. We can find an approximate threshold value w a for a Q-ball to be absolutely stable 
using Eqs. d2.29LI2.38t : 

1 for(i), 

for(ii), (2.39) 



m 



2D-1 

D-2 



S5f for (iii). 

Roughly speaking, Q-balls are classically and absolutely stable if u> < ui a because of Eqs. (12.30ll2~32l 
and Eq. ( 12.381 ). These approximations can and will be justified by our numerical results in polynomial 
potentials in chapterfj] however they will not hold in other models introduced in chapterH] We will find 
that the virial relation is a powerful tool enabling us to find appropriate values of w a as opposed to the 
rather complicated computations we will have to perform in the following two chapters by introducing 
detailed Q-ball profiles and specific potential forms. We should point out a caveat in this argument, 
the assumption we are making here, that most of the Q-balls have an identical energy ratio S/U over 
a range of ui, does of course rely on the specific form of the potential. We have to remind the readers 
that the virial relation Eq. ( 12.36b gives only the relation between S and U if the system allows the time- 
dependent solutions, Q-balls, in Eq. ( 12.12b to exist. 

To sum up, the virial theorem induces the characteristic slopes Eq. ( 12.38b with the time-dependent non- 
linear solutions in the system, and gives the approximate critical values for uj a in Eq. ( 12.391 ) without 
requiring a knowledge of the detailed profiles and potential forms. 
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Chapter 3 

Q -balls in polynomial potentials 



3.1 Introduction 



Standard Q-balls exist in an arbitrary number of space dimensions D and are able to avoid the restriction 
arising from Derrick's theorem |9(3] because they are ti me-dependent solutions. A number of examples 



inclu de polynomial models bo th fo r D = 3 II10C 



108 
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1102L parabolic-type models H103H . confinement models 11104 



105 



10111 an d for arbitrary D 115 611 . Sine-Gordon models 
10711 . two-field models 120, 



106, 



, and flat models with supersymmetry broken by gravity mediation 



101 



109 



, and by gauge mediation 



1 10I1 . Returning to the case of D = 3, phenomenologically, it turns out that the Q-balls present 



in models with gravity-mediated supersymmetry breaking are quasi-stable but long-lived, allowing in 
principle for these Q -ball s to be the source of both the baryons as well as the lightest supersymmetric 
particle dark matter ll 1 ill . On the other hand, Q-balls in models of gauge-mediated supersymmetry 



breaking can be a dark matter candidate as they can be absolutely stable 117 
have been shown to be able to provide the observed baryon-to-photon ratio 119 



Both types of Q-balls 



The dynamics and formation of Q-balls involve solving complicated non-linear systems, which gen- 
erally require numerical simulations. The dynamics of two Q-balls in flat Minkowski space-time 
depends on pa rameters, such as the relative phases between them, and the relative initial velocities 



[109 



112. 



been extensively exa mined in both gauge-mediated (14711 . gravity-mediated 148 



114 



11311 . In addition, the main formation process through the Affleck-D ine mecha nism J14I has 



1 1511 . and running 



inflaton mass models 11 1611 . As analysing individual Q-balls is difficult in its own right, it is extremely 



challenging to deal with multiple Q-ball s. A number of analytical appr oaches to address that issue have 



been made over the past few years, e.g. 



been described in a statistical sense in 1114 



117 



118 



123] 



119 



120 



121 



12211 . Multiple thermal Q-balls have 



In this chapter, we aim to analytically address stationary properties of a single Q-ball with polynomial 
potentials in an arbit rary number of spatial dimensions D. The work will draw on earlier work of 
Correia and Schmidt 112411 who derived analytic properties for the thin- and "thick-wall" limits of Q- 



balls in D = 3. Recently, Gleiser and Thorarinson ]56(] proved the a bsolu te stability for thin-wall 
Q-balls using the virial theorem. We generalise the main results of 11561 1 1 2411 to the case of arbitrary 
spatial dimensions, and in doing so both analytically predict and numerically confirm the unique values 
of the angular velocity cu a in Eq. ( 12.391 ) for the absolute stability of the Q-balls via the thin-wall Q- 
ball approximations. Moreover, we obtain the classical stability conditions for the thin- and "thick- 
wall" approximations, and discover the connections between the virial relation and thin- or "thick-wall" 
approximation for the characteristic slopes Eq/ujQ. 

This chapter is organised as follows. By introducing a number of different ansatze, we present a detailed 
analysis of the solutions in the thin-wall limit in Sec. 13.2. H and in the "thick-wall" limit in Sec. 13.2.21 In 
order to obtain minimise the numerical errors, we obtain a general asymptotic profile in Sec. 13.2.31 We 
then demonstrate the advantages of using two particular modified ansatze in Sec. 13.31 where we present 
detailed numerical results for the case of both degenerate and non-degenerate underlying potentials. 
Finally, we conclude in Sec. 13.41 This chapter is partially published in y49|]. 



3.2 Thin- and thick-wall approximations 

In this section we obtain approximate solutions for Q-balls in /^-dimensions based on the known thin- 
and thick-wall approximations for the radial profiles a(r) of the fields. Moreover, we show how we can 
then use these results to verify the solutions we obtained in the previous chapter for j(u>) in Eq. ( 12.38b . 
Further, we are able to test the solutions against detailed numerical solutions in the next section, Sec. 13.31 
We start with two simple ansatze for the radial profiles, a step-like function for the thin-wall case u> ~ 
cj_ and a Gaussian function for the "thick-wall" case ui ~ u+. In both cases, we evaluate S u , Q, Eq, 
as well as the conditions for classical and absolute stability before modifying the ansatze. Following 
that, we repeat the same calculations using our more physically motivated ansatze via the Legendre 
transformation technique described in Eq. (12.16b . Let us comment briefly on the form of the potential. 
We see that in the thin-wall limit, <jq(uj) ~ er+(w), with our modified ansatz, although in principle we 
do not have to restrict ourselves to particular potentials, we are not be able to investigate cases where 
the effective potential is extremely flat; hence, we have to limit our investigation to situations. We will 
consider flat potential cases in chapter [4] In the "thick- wall" limit, uj ~ uj + , we have to restrict our 
analysis to the case of polynomial potentials of the form: 

U(a) = ^m 2 (T 2 - Aa n + Ba v for p > n, (3.1) 

where n > 3, with the nonlinear couplings A > and B > 0. To ensure the existence of Q-ball 
solutions, we will restrict A, B, n and p later. We expect the thin-wall approximation to be valid for 
general Q-ball potentials in which the Q-ball contains a lot of charge, with u> 2 ~ uPl > 0. In this limit, 
we can define a positive infinitesimal parameter, e w in Eq. ( 12.27b , and the effective mass around <t+(uj) 
is given by, /i 2 (w) = U + (lj)- The other extreme case corresponds to the "thick-wall" limit which 
is valid for Q-balls containing a small amount of charge, and it satisfies cu 2 ~ uj 2 ^ = m 2 . For later 
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convenience, in this limit, we use a positive infinitesimal parameter, m^, defined in Eq. ( 12.28b . 

3.2.1 Thin-wall Q-ball 

3.2.1.1 Step-like ansatz u = w_ 

At a first step , we review the standard results in the thin-wall approximation originally obtained by 



Coleman 12111 . Adopting a step-like ansatz for the profile we write 



ao foxr<R Q , 
a(r) = <( (3.2) 
for R Q < r, 

where Rq and <tq will be defined in terms of the underlying parameters, by minimising the Q-ball 
energy Eq. We can easily calculate S u , Q, and Eq: 

S u = (u - \w % <%^ V D , Q = u;a 2 V D , E Q = i-^- + U V D , (3.3) 

where Uq = U(<tq) and Vd = Vd{t = Rq)- Note that Eq. (13.3b satisfies the Legendre transformation 
results, Eq. (12.16b , as we would have hoped. Since the ansatz, Eq. ( 13.2b , neglects the surface effects, we 
are working in the regime U ^> S in Eq. ( 12.38b . Therefore, we should be able to reproduce the result, 
7 = ~ 1, with this solution. To see this, we note that the two terms in Eq are the contributions 
from the charge and potential energies.. These two contributions are virialised in that Eq is extremised 



with respect to Vd for a fixed charge Q, i.e. 8Eq / 8Vd\q = 0; hence, Vd = Q VV(2trp7o). This then 
fixes Rq because we know for a (D— 1) -sphere, Vd = ~d~£Id-u where Qc-i = / dClo-i = WdJz) ■ 
Here T is gamma function. Substituting Vd into Eq [the third expression in Eq. ( 13.3b ] and minimising 
it with respect to ctq, we obtain 



E Q =Q- min ( \\-^r ) = Qv- = ulo%V D , (3.4) 



'o 



where we have used Eq. ( 12.241 ) in which lu 2 ^ = min ( 2^2. ) Thus, we recover Eq. ( 12.38b in the 

V CT / cro=cr + 

limit U ^> S. Finally, we remind the reader that we have obtained the minimised energy, Eq, with 
respect to Vd(Rq) and ctq in the extreme limit, co = w_, where we find 

cr = cr+. (3.5) 

Eq. (13.5b implies that the "particle" spends a lot of "time" around a + because the effective potential 
— Uu around er + is "flat". Note that Q and Eq are proportional to the volume Vd in Eqs. (13 . 31 13 .4b iust 
as they are for ordinary matter, in this case Coleman called it Q-matter J21I . 



3.2.1.2 The modified ansatz <r ~ a + 

Having seen the effect of an infinitely thin-wall, it is natural to ask what happens if we allow for a more 
realistic case where the wall has a thickness associated with it? Modifying the previous step-like ansatz 
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to include this possibility 11124 



] will allow us to include surface effects I21II54I.I55I and is applicable 
for a wider range of u) than in the step-like case u = cj_. Using the results, we will examine the two 
different types of potentials, DVPs and NDVPs, which lead to the different cases of Eq. (I2.381 l. 



Following 112411 . the modified ansatz is written as 



a(r) = < 



a + — s(r) for r < Rq, 

a(r) for Rq < r < R Q + 5, 

for R Q + S < r, 



(3.6) 



where as before the core size Rq, the wall thickness 5, the core profile s(r), and the shell profile 
er(r) will be obtained in terms of the underlying parameters by extremising in terms of a degree of 
freedom Rq. Continuity of the solution demands that we smoothly continue the profile at r = Rq, 
namely + - s(R Q ) = o-(Rq) and -s'(Rq) = a'(R Q ). 

We expand to leading order around <r + , to give U^(a) ~ — e u + \n 2 s 2 where s{r) = a + — u(r). In 
terms of our mechanical analogy, the "particle" will stay around a + for a long "time". Once it begins to 
roll off the top of the potential hill, the damping due to friction (oc (D — l)/r) becomes negligible and 
the "particle" quickly reaches the origin. Therefore, we can naturally assume 



Rq > S, 



(3.7) 



where 6 is the wall thickness. We know that cr'(O) = -s'(0) = 0, s'(Rq) ^ 0, and s'(r) > 0. Using 
Eq. (12.20b , the core profile s(r) for r < Rq satisfies the Laplace equation: 

„ D-l 



■s' - fj?s = 



(3.8) 



whose solution is 



,(r) = r^ 1 -*' (d/B.^r) +C 2 K»_ 1 (nrj) 



(3.9) 



where / and K are, respectively, growing and decaying Bessel functions, C\ and C2 are constants. Since 
s(0) is finite and s'(r) > 0, it implies that C2 := 0. Since I u (z) ~ z v /2T(y + 1) for small z = fir and 
v 7^ —1, —2, — 3 . . . ; thus, s(0) is finite: 

,13/2-1 



3(0) ~ a 



2r(L>/2) 



(3.10) 



which gives a relation between C\ and gq. In addition, the analytic solution is regular at r = 0: 
s'(0) ~ 0. For large r ~ Rq, Eq. d3.9l ) leads to 



where we are assuming 



s' D-2 

— — (J- > H, 

s r 



li > 1/Rq, 



(3.11) 



(3.12) 
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and have used the approximation I v (z) 



for large z = fir. As already mentioned, we note that 



this result is not strictly valid for extremely flat potentials, i.e. fi ~ 1 /Rq, because the expansion is only 
valid for z = fir 1 . We will therefore only be applying it to the cases where the effective potential is 
not very flat. 

Turning our attention to the shell regime Rq < r < Rq + 5. Considering the "friction" term in 
Eq. ( 12.20b , we see that it becomes less important for large r compared to the first and third terms in 
Eq. ( 13.8b . because 



D - 1 



Rq 



'(Rq) 



D - 1 



(J-Rq 



■fi 2 s(R Q ) 



« h 2 s(Rq) ~ s"(Rq) 



ds 



-Rq 



where we have made use of Eqs. (13.1 II [3~T~2b . Imposing continuity conditions, namely cr + 
<t(Rq), —s'(Rq) = (j'(Rq), Eq. ( 12.201 i without the "friction" term becomes 

72 - dU^ 



dr 2 



da 



0. 



(3.13) 

s(Rq) = 

(3.14) 



where a(r) is defined as being the solution to Eq. ( 13.14b . With the condition <j(Rq) = a+ — s(Rq) and 
Eq. (13.101 l, we find <t{Rq) ~ <J+ in the thin-wall limit. Therefore, 



a(R Q ) > s(R Q ). 



(3.15) 



Although Eq. d2.191 > does not hold exactly, the "total energy", \ (%) 2 - U u ~ with Eq. ( 12.19b . 
is effectively conserved with the radial pressure p r vanishing outside the Q-ball core, see Eq. ( 13.14b . 
This fact implies that the surface and effective potential energies virialise with equal contributions, 
S s heii — Usheii — h^QshelU where we have introduced shell and core regimes defined by X core = 



^Id-i f" Q drr D - 1 F(r, . . . ) and X sheU = Q D _i J^ +S drr D - l F(r, . . . ) for some quantity X and a 
function F(r, . . .). Using a' < and the condition <j(Rq + 5) = 0, the thickness of the Q-ball can be 



written as 



CT (-R«) da 



Since <5 is real and positive, we have to impose 



o(Rq) < cr_, 



(3.16) 



recalling U u (<r_ ) = for cr_ ^ 0. 

With the use of Eq. ( 12.16b , we turn our attention to extremising the Euclidean action S u in Eq. ( 12.10b 
for the degree of freedom Rq. Using the obtained value Rq, we will differentiate with respect to ui 
to obtain Q as in Eq. ( 12.151 ) which leads us to the Q-ball energy Eq as in Eq. ( 12.91 ) and the characteristic 
slope Eq/u>Q. For convenience we split S u into the core part S^ ore for r < Rq and the shell part 
gshell for R Q < r < R Q + S using Eq. (ESI). Using V D = ^-VL D ^ > dV D = R^'^D-i > 



d 2 V D ee R°- 2 n D ^ 2 and Eqs. (f3T8l l37TTb . we find, 

1 



[ -fis 2 (R Q )j d 2 V D ■ (D \ 2) \^ 2 (Rq) 



(3.17) 



where the first term, e w , in Eq. ( 13.171 ) comes from the effective potential energy, while the second and 
third terms arise from the surface energy. Since e u is an infinitesimal parameter in the other thin-wall 
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limit lu ~ w_, it gives 



U core — —<-oQ core . (3.18) 



The effective potential energy balances the surface energy in the shell [see Eq. ( I3.14H , therefore by 
introducing the definition T = day/2U LJ , we see 

HRq) 



^shell 



fifl-i/ d<jr D ~ 1 ^2U UJ {a) < n D ^(R Q + Sf^T, (3.19) 
Jo 

dV D -T + 8 2 V D ■ (^^(D - 1)6 ■ t) + 0{R%-\ 4") ■ T, (3.20) 



where we have used the fact that the integrand has a peak at r = Rq + 5 in the second relation of 
Eq. (13 . 1 9b IU26I1 and Taylor-expanded (Rq + S) ^ 1 in going from Eq. J3. 19b to Eq. (13.20b because of 



our approximation Eq. (13.7b . Combining both expressions Eqs. (13.17ll3~20l i. we obtain 

= SZ e + S s u hel1 , (3.21) 
-e u -V D +T-dV D + h-d 2 V D , (3.22) 

where r = T + ^/j,s 2 (Rq). Note that while T in r contains the equally virialised surface and effective 
potential energies from the shell, the second term ^/j,s 2 (Rq) contains a surface energy term from the 
core. Moreover, we have defined h = (-D — 1)6 ■ T — ~ \hs 2 (Rq) which is negligible 

compared to r because of the assumptions, Eqs. d3.7ll3.12l i. Therefore, we will take into account only 
the first two terms in S u , Eq. (13.22b . It is also important to realise that 

i-s{Rq) pa-+ pa+ 

t= day f 2l}~ + / dcrJ2U u _ -> / daJ2U UJ _=const (3.23) 

which is independent of co and D in the limit of u> — > w_, where we have used the extreme thin-wall 
limit a; = u_ explicitly. Our modified ansatz is not only valid in the extreme limit to = cj_ but also 
in the limit oj ~ w_ as long as r depends on u> "weakly". Note that the condition of Eq. ( 13.161 ) also 
ensures that t is positive and real. In addition, the second term in the first expression of Eq. (13.23b is 
negligible compared to the first term, i.e. 

Sshell — Mshell — -^uQshell ^> S core (3.24) 

because of cr + ~ <j(Rq), see Eq. ( 13.15b . 

We can make progress by using the Legendre transformation of Eq. ( 12.16b . which implies that we need 



to find the extrema of with fixed u, i.e. = 0. This is equivalent to the virialsation between e u 
and r. Then one can compute the core radius, 



R Q = {D-1) — . (3.25) 



Note that this implies that one-dimensional thin-wall Q-balls do not exist due to the positivity of Rq and 
one of our assumptions Rq » 8. By using Eqs. ( 13. 22113. 25b and Eq. ( 12.16b , we can compute the desired 
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quantities to compare with the results we obtained using the step-like ansatz, in particular Eqs. d3.3H3.4b . 
and we can confirm that the classical stability condition Eq. ( 12.311 ) is satisfied: 

S„ dV D = jj^j V D > 0, Q(u) ~ wct+Vd, (3.26) 

E Q ~ ^ a 2 + v D + ^dV D , (3.27) 



2D - 1 

2{D - 1) ~ 2(D - l)w 2 



(3.28) 



--^ ~ l + ~ +< . (3.29) 

We can see the virialisation between r and e u for the second and third terms in Eq. (13.261 ). As in 
Eq. ( 13.4b . the first term of Eq, in Eq. ( 13.271 ). is a combination of an energy from the charge and potential 
energy from the core throughout the volume, while the new second term ^, called the surface tension, 
represents the equally virialised surface and effective potential energies from the shell as in Eq. ( 13.24b . 
In the limit to ~ e w becomes zero which implies Eq. ( 13.181 ). We have also seen S s heii 3> S core . 
Using U = U core + UahelU S = S core + S she ii ~ S sheU , and Eqs. (13.18113.241 ), we obtain 

U-S + uj-Q (3.30) 

which we will use shortly. Since the characteristic function, Eq / Q, increases monotonically as a func- 
tion of u and 5 W > 0, i.e. -£ (^f\ > or we found Eq. ( 13.29b . the classical stability condition 
Eqs. (12.31ll2~32l is satisfied without specifying any detailed potential forms. However, the physical 
properties of the finite thickness thin-wall Q-balls do depend on the vacuum structures of the underly- 
ing potential. To demonstrate this we consider two cases of non-degenerate vacuum potentials (NDVPs) 
with o>_ 7^ and degenerate vacuum potentials (DVPs) with cj_ = (see red solid lines in Fig. 12. lb . 
Suppose that the thin-wall Q-balls have identical features over a large range of w, we can find the ap- 
proximate threshold frequency oj a using Eqs. (|2.29|[2~38l as we assumed when we obtained Eq. ( 12.39b . 



NDVPs: This type of potential reproduces the results we obtained in Eq. ( 13.41 ) corresponding to the 
regime U ^> S which corresponds to the existence of Q-matter in that the charge and energy is propor- 
tional to the volume Vd due to the negligible surface tension in Eq. ( 13.27b . Hence, the modified ansatz 
Eq. (13.6b can be simplified into the original step-like ansatz Eq. ( 13.3b with negligible surface effects in 
the extreme limit u> = u>_. To see that, we need to recall the definition of w_ in Eq. ( 12.22b . We can 
realise that \i is the same order as w_ except the case of w_ = 0. Using // ~ cj_, we can show that 
\uQ > S core ~ \tis 2 {R Q )dV D where we have used Eqs. d3~T2l [3~l3T >. Using Eqs. (13 .181 13 .241 ) and 
\{jjQ 3> S core which we just showed, we can obtain the desired result U ^> S. Similarly Eq. ( 13.28b 
in the limit ui ~ u_ simplifies to give ^ ~ 1 which is the result of Eq. ( 12.38b with the case U ^> S. 
Using Eq. ( 13.28b and Eqs. J2.291 l273~8t . we can also find the critical value u a for absolute stability 



UJa 

m 




(3.31) 
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Finally, thin-wall Q-balls in NDVPs are classically stable without the need for the detailed potential 
forms; however, the absolute stability condition for u) ~ lo- depends on the spatial dimensions D and 
on the mass m. 



DVPs: For the case of the presence of degenerate minima where cj_ = 0, since e w = ^Lo 2 a 2 , we 
immediately see from Eq. ( 13.281 ) that 

En 2D -I 

which reproduces Eq. ( 12.381 ) for the case of S ~ U. As in NDVPs, we know Eq. ( 13.301 ) in the limit 
lo ~ but the second term lo-Q becomes zero in the present potentials. It follows that U core ~ 
and Usheii — Ssheii 3> S core from Eq. ( 13.24b ; hence, S ~ £/. In other words, most of the Q-ball energy 
is concentrated within the shell. In addition, the charge Q and energy Eq are not scaled by the volume, 
which implies the modified ansatz does not recover the simple ansatz as opposed to NDVPs. Using 
Eqs. (l3.32|[2~T8l , it implies Eq oc Q 2 '- 0-1 )/^- 0-1 ), which reproduces the three dimensional results 



obtained in 



12411 . 



Finally, let us recap, the key approximations and conditions we have made in this modified ansatz. They 
are Eqs. ( I3.7ll3.12ll3.16ll3~23l for D > 2. The estimates we have arrived at for the thin-wall Q-balls are 
valid as long as the core size is much larger than the wall thickness, the effective potential is not too flat 
around er + , the core thickness 6 and surface tension t/D are positive and real, and r is insensitive to 
both lo and D. With the extreme limit w — ► w_, the Q-balls in DVPs recover the simple step-like ansatz, 
while the ones in NDVPs do not. One-dimensional Q-balls do not support thin-wall approximation due 
to the absence of the friction term in Eq. ( 12.201 ). 



3.2.2 "Thick-wall" Q-ball 
3.2.2.1 Gaussian ansatz 

As we have started with the simple step-like ansatz in the thin-wall approximation, a Gaussian function 



is a simple approximate profile to describe the "thick- wall" Q-balls in the limit lo ~ lo + 15611 . Using a 
Gaussian ansatz 



a ( r ) = cr (^)cxp (--£2 J ' ( 3 ' 33 ) 

we will extremise S u with respect to <j$(lo) and R with fixed lo, instead of minimising Eq with fixed 
Q. Notice that the slope —o' jo becomes 2r/R 2 which is linearly proportional to r and the solution is 
regular at r = 0: cr'(0) = 0. By neglecting higher order term B in Eq. ( 13. U with Eq. ( 13.33b . which we 
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will justify shortly, one can obtain straightforwardly 



Q = 



uja^R", 




(3.34) 
(3.35) 

(3.36) 



Eq. d216l can be easily checked in Eqs. d334ll335l . and Eq. d3~36l The first (tj 21 ^) and last terms in 
Eq. ( 13 .36b are the potential energy terms; the second term, \uQ, comes from the charge energy, and the 
surface energy term appears in the third term, jp^- By finding the extrema of S u with respect to <To(w) 



with 



= 0, it defines the underlying parameter cro(w) as 



2D\ 1 fn\D/2 
~R? J V2 



l/n-2 



m; , 

25 ) 



2 \ l/n-2 



(3.37) 



where we have neglected the surface term and used the approximation D/2 ~ O(l) in the second 
relation of Eq. ( 13.37b . We are then able to check the Gaussian ansatz naturally satisfies the other "thick- 
wall" limit <Jo(lu) ~ cr_(w) — > since m w is a positive infinitesimal parameter in the limit, ui ~ w + , 
and justify the fact that we have neglected the higher order term B in Eq. (13.1b . Using the first relation 
of Eq. ( 13.37b . one needs to extremise S u with respect to another degree of freedom R with = 
which determines R: 

R=J 2 -^>0. (3.38) 



The reality condition on R implies that the Gaussian ansatz is valid only for D = 1. The width of the 
gaussian function R in Eq. ( I3.38l l becomes very large in the "thick-wall" limit m u — > 0; thus, we can 
justify that the surface terms in Eqs. d3.36l[3~37l i are negligible. Therefore, we are looking at the regime 
U 3> S which should lead us to 7 ~ 1 as in the first case of Eq. ( 12.381 ). To do this for D = 1 we 
substitute Eq. ( 13.371 ) into Q, Eq, S u : 



^lo<jI(uj)R, Su. 



1 1 

2 ~ n 

2m 2 



2mlQ 



>0, 



- 1 



1, 



(3.39) 
(3.40) 



where we have considered the "thick-wall" limit ui ~ m in the second relation of Eq. d3.40t . We 
can check Eq. ( 12.38b and the analytic continuation Eq. ( 12.291 ). In the same limit, the Euclidian action 
becomes an infinitesimally small positive value: S u — > + . 

Using the second relation ao(u>) in Eq. ( 13.37b and Eq. ( 13.381 ), one can find 



lo dQ 
Q du 



1 - 



n-2 



- 1 



n-2 



-1 <0, 



(3.41) 



where we have used the fact that is a positive infinitesimal parameter in the limit, u> ~ lo+ going 
from the first relation to the second one. Eq. ( 13.41b shows that the classical stability condition clearly 
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depends on the non-linear power n in the potential Eq. ( 13. Il l: n < 6. This is contradictory because 
Eq. ( 13.40b gives ("Zr) ~~ * — ^ n which implies n < 4 for the other classical stability condition 
using Eq. ( 12.321 ). We will shortly see that this contradiction between Eq. ( 12.311 ) and Eq. ( 12.32b is an 
artefact of the Gaussian ansatz. Moreover, our conclusion should state that the Gaussian approximation 
is approximately valid only for D = 1. These awkward consequences are improved with the following 
physically motivated ansatz. 



3.2.2.2 The modified ansatz 



Having considered the case of the simple Gaussian ansatz following the spirit ofJ56[, we f ound som e 



problems for the classical stability. To fix these, we need a more realistic ansatz 118 



87 



101 



124] 



To do this we drop an explicit detailed profile to describe "thick-wall" Q-balls and rescale the field 
profile so as to work in dimensionless units whilst extracting out the explicit dependence on u> from S u . 
As in the thin-wall approximation with the modified ansatz, we will again make use of the technique 
Eq. ( 12.16b to obtain other physical quantities from S u . 

We begin by defining a = aa and r = bf with a and b which will depend on co. Substituting them into 
Eq. ( 12.10b with the potential Eq. ( 13.11 ) we obtain: 



So. 



b D n 



= b D l~) n 



D-l 

a\2 



drr 



2 \bJ 



1 

—arm, 
2 



[a 2 - Aa n a n + Ba p & f 



df 



.b) J 2 

m 4/(n-2)-D+2 A 2/(2-n) fij3 _ iS 



Ud' 2 +a 2 -a n + 2Bb 2 aP- 2 aP} 



(3.42) 



with the rescaled action S n = j drr D ~ l y\<J 12 + Uj with U = \d 2 — \& n , and we have neglected 
the higher order term involving B, which will be justified shortly. In going from the first line to the 
second one in Eq. (13.42b . we have set the coefficients of the first three terms in the brackets to be unity 
in order to explicitly remove the uj dependence from the integral in S u . In other words we have set 
\ (f ) = 2"° 2m w = Aa n . This implies, a = I ^ j = cr-(w) and b = m~ x . Then we can 

justify that the higher order term involved with B is negligible due to a (co) — > in the "thick-wall" 



limit. Crucially S n is independent of u>, and is positive definite II 1 8 



101 



12411 . Adopting the powerful 



approach developed in Eq. ( 12.16b . given we can differentiate it to obtain Q and then use the Legendre 
transformation to obtain Eq. This is straightforward and yields 

4 



oc m 



4/(n-2)-D 



4/(n-2)-D 



-D + 2)A- 2 / ( - n -Vn D _ 1 s ni 



4/(n-2)-D 



n-2 



D 



A~ 2 / n - 2 n D ^s n 



71-2 



D 



ujQ. 



(3.43) 



(3.44) 



The first term involving m 2 , in the first line Eq. ( 13.44b is the energy contributed by the charge, while 
the second term is dominated by the effective potential energy; hence, U ^> S. Therefore, we can also 
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recover the result 7 ~ 1 in the "thick-wall" limit to ~ lo + as we would ex pect 



from Eq. ( 12.381 ) when 



U 3> S. Since Q and £g should be positive definite, it places the constraint llOl ] 



D < -i- + 2. (3.45) 

n — 2 

With the condition Eq. (I3.451 l. it is easy to see that — > + in the "thick-wall" limit, to ~ u + where 
— > + . There is another constraint emerging from the need for the solution to be classically stable: 

uj dQ 



* U<-i^ (3.47) 

which coincides with Eq. ( 13.411 ) in the case of D = 1. Notice that the modified ans atz is valid not only 
for D = 1 but also D < ^4^ + 2 in Eq. ( 13.451 ). For D = 3 this result matches that of 112411 . The classical 
stability condition, Eq. (13.47b . is consistent with the need for Q and Eq to be finite. Eq. ( 13.471 ) is more 
restrictive than that given in Eq. (13.451 ). Furthermore, we should check the relation Eq. ( 12.32b for the 
characteristic function Eg /Q in terms of uj. It follows that ^ ^-^-^ ~ 1 - 2 {-^ - D + 2^ > 0, 
which requires the same condition as Eq. ( 13.471 ). With this fact and Eq. (13.44b , it implies that the "thick- 
wall" Q-balls with condition Eq. (13.47b are both classically and absolutely stable. The fact r eproduces 
the previous results for the case of D = 2 and n = 4, p = 6 (6-th order potential) in IU27I1 using the 
Hoelder inequality. Unlike the Gaussian ansatz Eq. ( 13.33b . our modified ansatz now shows consistent 
results between Eq. ( 12.31b and Eq. ( 12.32b . 



Let us remark on the validity of our analysis following IIOIH . In this section we have used a modified 
ansatz which has involved a re-scaling of a and r in such a way as to leave u s wit h a dimensionless action 
S n . There are restrictions on our ability to do this as first pointed out in lllOlll for the case of D = 3. 
We can generalise this to our D dimensional case. Given that the Q-ball solutions extremise S n , we 
may rescale r or a introducing a one-parameter rescaling, r — > ar or a — > Act which will deform the 
original solution. Defining X(a) = S n [ar, a(ar)} and Y(X) = S n [\cr(r)], we impose the condition 
that the action S n is extremised when a = A = 1, which implies 4p| a= i = = |a=i- It is possible 
to show that these conditions imply that consistent solutions require the same co nditi on as Eq. ( 13.45b . 



The three dimensional case leads to the result, n < 6, as originally obtained in H12411 . The particular 
choice of n = 4 which we will investigate shortly implies D < 4 for the validity of our "thick-wall" 
approximation with the modified ansatz. Moreover, "thick-wall" Q-balls become classically unstable 
for D > 3 as can be seen from Eq. ( 13.471 ). 

What have we learnt from extending the ansatz beyond the Gaussian one? We have seen that they have 
lead to different results. For instance, the Gaussian ansatz essentially is valid only for D = 1 and 
has a contradiction, whereas the solutions based on the modified ansatz are valid for D which satisfies 
Eq. ( 13.45b and give consistent results Eq. ( 13.47b for classical stability. 
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3.2.3 Asymptotic profile 



The generic asymptotic profiles for large r in polynomial potentials can be obtained by naively ignoring 
the higher order terms in the polynomial potentials Eq. ( 13.11 ) and linearising the Q-ball Eq. ( 12.201 ): 

„ D-1 



ml a = 0. (3.48) 



We then obtain the analytic solution 



y 2m u (7 2r 

where E is a constant which is determined later. Note that we have used the fact that the modified Bessel 
function of the second kind has the relation K^r) ~ \p^.&~ r for large r and any real number /i. The 
second expressions in Eq. (|3.49t gives a condition to smoothly continue our numerical solutions to the 
asymptotic profiles at some large radius r = R an a- 

As we will see in the next section, our numerical results in which we obtain the full Q-ball solution 
support the modified ansatze introduced in the previous section for both thin- and "thick-wall" cases. 



3.3 Numerical results 

In this section we obtain numerical solutions for Q-balls using the polynomial potential in Eq. ( 13. 11 1, 
where A > 0, B > 0, p > n > 2. We shall confirm the results obtained analytically using the 
modified ansatze for both the thin- and "thick-wall" Q-balls. Recall that U^(a) = U(a) — ^uj 2 a 2 , with 
U u (a-) — and <j+(oj) marks the maximum of the effective potential — where (t+(oj) ^ 0. For a 
particular case, p = 2(n — 1), we find 

, x M - J A 2 - 2Bml \ 



2B 



l/(n-2) 



/ An + J (An) 2 - ABpm 2 , , 
* + M - ^ ^ (3.51) 



Also, for convenience, we set 



1, w_ = yi-^>0^A<V2B, (3.52) 

where we recall the definitions of ui + and w_ are that lo\ = ^r| CT= o = m 2 and U UJ _ (cr+) = 0. Setting 
w_ = in Eq. ( 13.52b implies that U{a) in Eq. ( 13. U has degenerate vacua at a = 0, ±u + , whilst the 
original potential U with o>_ ^ does not have degenerate vacua. In this section, we shall consider two 
examples of the potential U, which can be seen as the red solid lines in Fig. 12. II The degenerate vacua 
potential (DVP) on the left has w_ = (A = \/2B) and the non-degenerate vacua potential (NDVP) 



on the right has cj_ = 0.5 {A = ^/3B/2). In order to determine actual values for A and B, we define 
<j + {oj + ) = 1 and set n = 4, p = 6 for both cases; hence, A = |, B = | in DVP and A = 1, B = | 
in NDVP. Figure |2~T1 also includes plots of the effective potentials for various values of uj. 
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Numerical techniques and parameters To obtain the Q-ball profile we need to know the initial "po- 
sition" <tq(uj) = a{r = 0). This is done using a shooting method, whereby we initially guess at a 
value of (To(u>), then solve Eq. (12.20b for the Q-ball profile, and depending on whether we overshoot 
or undershoot the required final value of a, we modify our guess for ao(ui) and try again. Throughout 
our simulations, we need to specify the following three small parameters, e, £, rj which, respectively, 
determine our simulation size r max , the radius R ana at which we can match the analytic and numerical 
solutions, and the core size Rq. The smoothly continued profile is computed up to r = R m ax- 



Shooting method Let us consider an effective potential — U u which satisfies the Q-ball existence 
condition, Eq. ( 12.24b . We have to initially guess <to subject to it be being in the appropriate region 
< co(^) < < J +( U} )- For example it might be <Jq = <7+ "I CT ~ . There are then three possibilities, 
the particle could overshoot, undershoot, or shoot properly. The last case is unlikely unless we are really 
"lucky". If it overshoots then we would find er(ro) < at some "time" ro- If that were to happen we 
could update <Jq to a)-* = as our next guess. On the other hand if it undershoots, the "velocity" of 

the "particle" might be positive at some "time" rjj, cr'(rjj) > 0. If that were to happen we might update 
<7g, to Oq = a+ ^' Ta as our next guess. After repeating the same procedures say N times, we obtain the 
finely-tuned initial "position" <7o(u>) — &c as our tme va l ue - To be compatible with numerical errors, 
our numerical simulation should be stopped with an appropriate accuracy parameterised by e: 

e > a(ru = r max ) > 0, (3.53) 



where r max is the size of our simulations, and e measures the numerical accuracy where a small value 
of e corresponds to good numerical accuracy. Unfortunately the final profiles still have small numerical 
errors for large r. To compensate for these errors, the profiles should continue to the analytical ones 
smoothly at some point r = R ana using the following technique. 



Matching analytic and numerical solutions at R ana In order to smoothly continue to the asymp- 
totic profile which satisfies the second relation in Eq. d3.49t at the continuing point R ana , the following 
condition is required: 



D - 1 



2r 



(3.54) 



where the parameter £ should be relatively small. Hence, we can find the appropriate profile in the 
whole space 



cr(r) = 



Onumir) for r < R ana , 

C7num{Rana) i^)^^' 2 e~ m ^ r - R ^ for R ana < r < R n 



(3.55) 



where we have computed E using Eq. ( 13.491 ) and our simulations are carried out up to r = R r , 
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Core size and wall thickness of thin-wall Q-ball Using Eq. ( 13. lib , we can define the core size r = 



Rq and the numerical wall thickness 8 num (ui) by the slope —a' /a with the following condition 

D — 2 



< V, 



R a 



Rq- 



Notice that the definition of S num (lu) is different from the definition in Eq. (13.7b where S(u) = 



(3.56) 
(3.57) 



Numerical parameters We have run our code in two different regimes of lu for both DVP and NDVP 
because the profiles for large lu are needed to look into larger simulation size r max compared to the ones 
for small lu. Because of numerical complications, we do not conduct our simulations near the extreme 
thin-wall limit, i.e. lu ~ u>_. However, by solving close to the thin-wall limit, our numerical results 
for <Jo(lj) ~ &+(lu) and Rq ^> 5 num allow us to recover the expected properties of thin-wall Q-balls 
with the modified ansatz Eq. ( 13.61 ). Finally, our results presented here correspond to the particular sets 
of parameters summarised in Table 13.11 



DVP 


U! 


e 


'max 


Rmax 




V 


0.38-0.73 


4.0 xl0~' 2 


30 


200 


8.0 xlO" 3 


1.0 xlO" 1 


0.73-0.99999 


l.OxlO" 5 


40 


200 


8.0 xlO" 3 


1.0 xlO" 1 



NDVP 


LU 


e 


Tmax 


Rmax 




V 


0.60-0.85 


3.0 xlO" 3 


30 


200 


8.0 xl0" a 


1.0 xlO" 1 


0.85-0.99999 


l.OxlO" 5 


50 


200 


8.0 xlO" 3 


1.0 xlO" 1 



TABLE 3.1: The numerical parameters in DVP (top) and in NDVP (bottom). 



3.3.1 Stationary properties in DVP and NDVP 

We devote a large part of this section to justifying the previously obtained analytical results in the thin- 
and "thick-wall" approximations by obtaining the appropriate numerical solutions. 

Profiles with our numerical algorithm In the top two panels of Fig. 13. li the two red lines (one dotted 
and one with circles) show the numerical slopes — er'/cr for the case of D = 3 for two values of co. 
These are then matched to the analytic profiles (green dotted lines) in order to achieve the full profile as 
given in Eq. ( 13.55b . Recall that we expect in general for all values of u>, the analytic fits to be accurate 
for large r, the numerical fits to be most accurate for small r and there to be an overlap region where 
they are both consistent with each other as seen in Fig. 13. II We have also plotted in dot-dashed purple 
lines our analytic fits, Eq. ( 13.561 ), for the slopes of the thin-wall cores from r = 0.5. We should remind 
the reader that this fit only really works for the case of small to because we are dealing with thin-wall 
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Q-balls. Notice, it is clear from the purple dot-dashed lines that the core sizes cannot be determined by 
this technique for the case ui = 0.9 ~ uj + . 



The bottom two panels show the full profiles satisfying Eq. ( 13.551 ) for arbitrary D up to D = 5. We have 
been able to obtain the Q-ball profiles in the whole parameter space uj except for the extreme thin-wall 
region oj ~ cj_ . Both DVP and NDVP Q-balls have profiles with similar behaviours in that as the spatial 
dimension increases, so does their core size. 



2.0 



numerical data in iti=0.3H 
analytic slope in bt=tl.3N 
m m in <jt=0.3H 
core analytical slope in ur=0.3S 
numerical data in O)=0.V0 
analytic slope rut (ir=0. 96 
m^in u=0.90 
core analytical slope in cjj=0.V0 




DVP 

25 



2.0 



1.5 - \\ 



numerical data in <a=0.60 
analytic slope in (&=0.60 
m w in <ti=0.6Q 
core analytical slope in ia=0.60 
numerical data in <it=0.90 
analytic slope in (0=0.90 
ntgjin to=0.90 
core analytical slope in (8=0.90 





<a=0,3SinlD 
(0=0.38 in 2D 
(O=0.3Hin5D 
<o=0.3Sin3D 
18=0.69 in 3D 
(0=0.90 in 3D 



1.0 
0.9 
0.K 
0.7 
0.6 
0.5 
0.4 
0.3 
0.2 
0.1 
0.0 



<a=0.60inlD 
er=0.60 in 2D 
<B=0.60in5D 
ia=0,60 in 3D 
<a=0,7Sin3D 
<B=0.90 in 3D 



FIG. 3.1: The top two panels show the numerical slopes —cr'/o for the case of D = 3 for two values of w for both 
DVP (left) and NDVP (right). The red (one-dotted and one with circles) lines show the numerical slopes and the 
green dotted lines with two different widths the corresponding analytic solutions. The purple dot-dashed lines with 
two different widths show the analytic fits for the core profiles. The bottom two panels show the full Q-ball profile 
as described in Eq. d3 .55 1 for a number of values of u) and D. Note how the core size increases with D. 



Criteria for the existence of a thin-wall Q-ball with core size Rq The top and middle panels of Fig. 13.21 
show the numerical results for ao(u>) and S num /RQ against ui for a number of spatial dimensions D. 
For the case of D > 3 it is clear from the top panels that the Q-balls are well described by the thin-wall 
result Eq. ( 13.501 ) for most values of w, with the range increasing as D increases. The case of D = 2 is 
less clear, it appears to asymptote onto the line. We believe there is a solution that exists for that case 
for small values of u>. An important point is that for the approximation to be valid we are working in the 
regime S num /RQ < 1 which can be seen to be true from the middle panels (again we believe the case 
of D = 2 is heading below the line 5 num /RQ = 1 for small u. 

These results are consistent with our analytic solutions for finite thick-walled Q-balls given by Eq. ( 13.6I >. 
subject to the criteria <tq(uj) ~ &+(oj) and Rq > 6 num , even though u> ~ cj + . 
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For D = 1 we see in the top panels that cfq{uj) exactly matches cr_(u>), (the orange dot-dashed lines). 
The bottom two panels in Fig. !3.2l show the core sizes Rq of thin-wall Q-balls which satisfy our criterion 
Eq. (13.56b . Recall that Rq in Eq. ( 13.25b is a function of to assuming r depends on u> weakly; thus, we 
plot the numerical core sizes comparing them with our analytical approximation for DVP and NDVP, 
respectively 



uDVP 2(D y)T num U NDVP l)Tmin 

Kq ~ - , Kq — j , 2~T~ (JOOj 



where the parameter T num is computed numerically (see Table 13.2b . The presented numerical core 
sizes match excellently with the analytical fittings over a wide range of u. Some numerical errors 
appear around uj ~ uj + since we cannot determine the "thin-wall" cores with this technique, see the top 
two panels in Fig. 13. II Table !3.2l shows analytical and numerical values of r using Eq. ( 13.23b and the 
above fitting technique. We confirm that the values of r (a part of the surface tension t/D in Eq. ( 13.27b ) 
are nearly constant, depending slightly on D. Therefore, the assumptions we made for thin-wall Q-balls 
are valid as long as <jq (uj) ~ cr+(k>) and Rq > S num . 



Configurations Fig. 13. 3 1 illustrates the configurations of charge density pq (top) and energy density 
Pe (bottom), in both DVP (left) and NDVP (right). Each of the DVP energy densities around uj ~ 
has a spike within the shells, while those spikes are not present in NDVP. The presence of spikes can 
contribute to the increase in surface energy S, which accounts for the different observed ratio for S/U 
in the two cases, where U is the potential energies. Otherwise, DVP and NDVP models have similar 
profiles in Fig. 13. II Moreover, we have numerically checked that Q-balls for D > 2 generally have 
positive radial pressures, whereas the ID radial pressures are always zero, i.e. \a' 2 = due to 
Eq. d2~T4l i. 



Virialisation and characteristic slope Eq/ujQ The top panels in Fig. 13.41 illustrate the ratios S/U 
and the four bottom ones show the characteristic slopes of Eq/ujQ against uj in both the thin-wall 
(middle-panels) and "thick-wall" (bottom-panels) limits. According to our analytic arguments Eq. (13.30b . 
we expect S/U ~ 1 in the extreme limit w ~ w_ = in DVP. Similarly, we expect S/U ~ in the 
same extreme thin-wall limit ui = w_ = 0.5 for NDVP. The latter case corresponds to the existence 
of Q-matter with the simple step-like ansatz Eq. ( 13.2b . Although we are unable to probe these pre- 
cise regimes, we believe the slopes of the curves indicate they are heading in the right direction. The 
characteristic slopes 7(0;) = Eq/loQ in the thin-wall limit in the two middle panels lie nearby the 
analytical ones, Eqs. (I3.28ll332l . as long as <jq(uj) ~ cr+(^) (see Fig. 13.2b except for the 2D cases 
because for D < 2 the profiles are not well fitted by thin-wall predictions. Similarly, the characteristic 
slopes Eq/loQ in the "thick-wall" limit in the bottom two panels agree with our analytical predictions 
Eq. (13.44b using the modified ansatz rather than with Eq. ( 13.40b using the simple Gaussian ansatz. We 
have confirmed that the analytic characteristic slopes with Eq. (13.44b can not apply to higher dimensions 
D > 4 in the "thick-wall" limit, see Eq. (13.45b . Around the "thick-wall" limit uj ~ u> + , the behaviours 
in both potentials are S <C U (see top panel), which implies Eq ~ ujQ as predicted in Eqs. ( 13.401 [3~44l ; 
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FIG. 3.2: The initial "positions" <ro(w) (top), S num / Rq (middle), and the core sizes Rq(lo) (bottom). The top 
panels show a±(uj), Eqs. J3.50ir3~5TT > as black and orange dot-dashed lines respectively. The middle panels show 
the range of values of uj for a given value of D in which the core thickness is smaller than the core size, a crucial 
assumption we have to make. In the bottom panel, the analytical core sizes in Eq. J3.58b are plotted with the 
numerical ones for the following granges: [0.38-0.40], [0.38-0.55], [0.38-0.60], [0.38 - 0.70] in DVP, and 
[0.60-0.62], [0.60 -0.65], [0.60-0.75], [0.60 - 0.85] in NDVP and for D = 2, 3, 4, 5, respectively. As can 
be seen, the fits are excellent. The range of u values chosen have been based on the results shown in the top two 
panels and correspond to that range where the thin-wall Q-balls are solutions (except for D — 2). 



T 


7~ana 


2D 


3D 


4D 


5D 


DVP 
NDVP 


0.19 
0.16 


0.20 
0.17 


0.23 
0.21 


0.25 
0.22 


0.26 
0.23 



TABLE 3.2: The values of r ana and r num in terms of D in DVP and NDVP, see Eqs. l3~23ll3~25t . 

hence we can verify that the solutions are continued to the free particle solutions, see Eq. ( 12.291 ). Our 
physically motivated modified ansatze in both the thin- and "thick-wall" limits, therefore, have clear 
advantages over the simple ansatze in Eqs. (13.2ll3.33l l. 
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FIG. 3.3: The configurations for charge density pq (top) and energy density pe (bottom) computed using Eq. d2,13t 
for both DVP (left) and NDVP (right). The presence of spikes of pe in DVPs contributes to their increased surface 
energies. 

Q-ball stability Fig. 13.51 shows the classical and absolute stability lines for Q-balls. Table [33] in- 
dicates the approximate analytical values of uj a derived by Eqs. ( 12.391 [3T3Tb . which can be compared 
to the numerically obtained critical values to for the stabilities denoted by u> c , oj s , <jj c j 1: ui a , and ojf 

= -t (?) = °' E Q/QU = m, and 



dw 2 



in Table E3 These are denned by ^§ 

^ =0 respectively. The 3D analytical plots of ^ m tne thin- and "thick-wall" limits, 

Eqs. (|3.29|[3~47] |. can be seen to match the corresponding numerical data in the appropriate limits of 
uj. We have confirmed numerically that for both DVP and NDVP cases co c = uif ~ co s ~ cu c h, see 
Table 13.41 This can be easily understood from Eqs. (I2.31|[2~32] | and Eq. ( 12.34b . 

Recall Eq. ( 13.47b with n = 4 leads to the classical stability condition D < 2 for the "thick-wall" case. 
The top panels in Fig. 13.51 demonstrate that "thick- wall" Q-balls in D > 3 are classically unstable. 
In Table 13.41 one can check that the absolute stability condition is more severe than the classical one. 



We then categorise into three types of Q-ball 12011 : absolutely stable Q-balls for u> < to a , meta-stable 
Q-balls for u a < uj < uj c , which are not quantum-mechanically stable but classically stable, and 
completely unstable Q-balls for lo c < uj. 



Both analytical values oj a in DVP and NDVP in Table 13.31 agree well with the numerical ones in 
Table 13.41 Generally speaking, the higher dimensional Q-balls are more stable classically as well as 
quantum mechanically. Moreover, thin-wall Q-balls are always classically stable as demonstrated in 
Eq. ( 13.29b , but the classical stability of "thick-wall" Q-balls is model- and D- dependent as in Eq. ( 13.47b . 
The one- and two- dimensional Q-balls have a much richer structure than the thin- and "thick-wall" Q- 
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FIG. 3.4: The ratio of S /U where S and U are surface and potential energies (top panels), the characteristic slope 
j(u>) = Eq/ujQ in the thin-wall-like limit, lj ~ w_, with the analytic lines Eq. d3.28t (middle panels), and in the 
"thick-wall-like" limit, lj ~ w+, (bottom panels), with the analytic lines Eqs. d3.40|[344t . 



balls. It is a challenging task to understand their intermediate profiles II 2811 . 



Legendre relations Fig. 13.61 shows the Legendre relations: v. w, v. Q, and v. ^iv 2 

which can be used to check Eq. ( 12.15b . We have also checked the validity of the Legendre transforma- 
tions in Eqs. ( 12.9112. lib - Since the numerical results match our analytical ones, these results strengthen 
the validity of our analytic arguments. 
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FIG. 3.5: Classical stability using Eq. J2.3U for the top panels and absolute stability using Eq. J2,30t for the bottom 
panels. The 3D analytical lines of Eqs. J3.29|[3~47l l for classical stability agree with the corresponding numerical 
data. Above the zero-horizontal axes in the top panels, the Q-balls are classically unstable. Similarly, Q-balls above 
the horizontal axis, Eq = mQ, are absolutely unstable. The one dimensional Q-balls are always classically stable. 
The ID slopes Eq /mQ have different behaviours depending on DVP and NDVP unlike the other dimensional 
cases. 
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TABLE 3.3: Virial relations: u a in terms of space dimension D and ratio S /U, see Eq. < |2.39t 
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TABLE 3.4: The critical values for classical stability, absolute stability and stability against fission in DVP and 
NDVP using Eqs. l l230ll23T1 12321 and Eq. ( T2341 The critical values are defined by = | = 

<£j ( ~o~ ) = 0' /Q\<*a = m > an ^ in\ — 0- The numerical values of co a coincide with the analytic ones 
in Table 13.31 We have confirmed numerically that w c = ~ lj s — to c h- 
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FIG. 3.6: The Legendre relations of Eq. J2.15b for both the DVP case (left panels) and the NDVP case (right 
panels): -jq- = U3 (top), ~^§j- = Q (middle), and ^jjff- — \lo 2 (bottom). Note the excellent agreement between 
the analytical dotted lines and the numerical dots. 
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3.4 Conclusion 



We have numerically and analytically explored the stationary properties of a single Q-ball for an arbi- 
trary spatial dimension D in a class of polynomial potentials. By linearising the Q-ball Eq. ( 12.20b or 
rescaling S u , we have been able to consider the two limiting cases called the thin- and "thick-wall" 
Q-balls. The step-like ansatz of Eq. ( 13.2b can describe thin-wall Q-balls in the extreme limit co = uj-, 
whereas the modified ansatz Eq. ( 13.6b is applicable to (Tq(uj) ~ cr+(^) which leads to wider range of 
parameter space ui and of course includes the previous limit. On the other hand, the limit u> ~ lo + is 
used to describe "thick-wall" Q-balls in both the Gaussian ansatz Eq. ( 13.33b and our modified ansatz for 
the "thick-wall" case. 

The thin-wall approximation is valid for D > 2. Since the step-like ansatz in the thin-wall approx- 
imation does not have surface effects, the characteristic slope is simply 7=1, Eq. (13.4b . With the 
modified ansatz including surface effects, the classical stability for thin wall Q-balls does not depend on 
D in Eq. ( 13.291 ), but the absolute stability condition Eq. ( 13.31b does. Throughout the analysis, w e hav e 
assumed Eqs. ( 13.7113. 12l >. and imposed Eq. (13.16b explicitly, which differs from the analysis in [124]. 
Without these approximations, our calculations, in particular Eqs. ( 13.19ll3~20T l and Eq. ( 13.22b . become 
inconsistent; similarly, the last assumption Eq. ( 13.16b ensures that the shell thickness of the thin-wall 
Q-ball is real. The mechanical analogies and the numerical results naturally explain and validate our un- 
derlying assumptions: the core sizes of the Q-balls are much smaller than their corresponding thickness 
as seen in the middle two panels of Fig. 13.21 and the surface tension depends weakly on to as seen in 
Table 13.21 With these assumptions, thin-wall Q-balls for co < co a are absolutely stable. Moreover, the 
characteristic slopes coincide with those derived using the virial theorem. This follows from our anal- 
ysis of the relative contributions between the potential and surface energies. The slopes have two types 
in either non-degenerate vacua potentials (NDVPs) or degenerate vacua potentials (DVPs): thin-wall Q- 
balls in NDVPs have a large energy from the charge; hence, the surface energy is less effective than the 
potential energy. They support the existence of Q-matter in the extreme limit, co = CO-. "Thick-wall" 
Q-balls in DVPs, however, have negligible energy from the charge compared to surface and potential 
energies; thus, the surface energy is well virialised with the potential energy. As seen in the left-bottom 
panel of Fig. 13.31 the configurations of energy density have peaks within the shells, which contribute to 
the surface energy. It would be worthwhile understanding these peaks in terms of our modified ansatz. 
Even in the extreme thin-wall limit, the charge and energy of the Q-balls in NDVPs are not proportional 
to the volume, i.e. no Q-matter. 

"Thick-wall" Q-ball solutions naturally tend to the free charged and massive particle solutions Eq. ( 12.29b . 
With the simple Gaussian ansatz we have extremised S u with respect to cto and R with fixed co, while 
the approaches in 15611 are that Eq is extremised with respect to only R. By extremising with respect to 
two degrees of freedom we are able to recover the expected results of Eqs. (13.37|[3~40l l unlike in 115611 . 
The Gaussian ansatz, however, is valid only for D = 1 because of Eq. ( 13.38b . and gives contradictory re- 
sults for the condition for classical stability. In order to remove these drawbacks in the Gaussian ansatz, 
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we introduced another modified ansatz and used the Legendre relations to simplify the computations of 
S Ui Q and Eq. We obtained a consistent classical stability condition Eq. (13.47b which depends on D 
and the non-linear power n of the polynomial potential Eq. ( 13.11 ). Not surprisingly, our numerical results 
suggest that the modified ansatz is much better than the Gaussian ansatz in the bottom two panels of 
Fig. 13.41 With the same panels, the validity condition Eq. ( 13.45b in the modified ansatz has also been 
confirmed numerically. 



In Eqs. ( 12.391 [373Tb and Table 13.51 the analytical and numerical results found the critical value u a sub- 
ject to the assumption that the higher dimensional Q-balls could be treated with the thin-wall approxi- 
mation over a wide range of values of u. In summary, the higher dimensional Q-balls can be simplified 
into the thin- and "thick-wall" cases, while it is more challenging and interesting to understand station- 
ary properties of one- and two -dim ensional Q-balls. For example, those Q-balls embe dded in 3D space 
(called Q-strings and Q-walls 112911 ') or extended Q-balls (nontopological strings II 1 30fl and Q-balls with 
spatial spins and/or twists |46|) may exist in the formation of three dimensional Q-balls 1 1]]. 



The properties of non-thermal Q-balls we discussed in this chapter can lead to different consequences 
compared to thermal ones, i.e. in the evolution of the Universe. The thermal effects on Q-balls induce 
subsequent radiation and evaporation. The Affleck-Dine mechanism provides a natural homogeneous 
condensate during an inflationary era, these fluctuations are then amplified to nonlinear objects, namely 
Q-balls if the pressure of the AD condensate is negative. The formation, dynamics, and ther m alisa tion 



might have phenomenological consequences in our present universe, e.g. gravitational waves 1 13 ill and 
baryon-to-photon ratio. 



Model 


Polynomial potentials 


Q-ball type 


Thin-wall 


"Thick-wall" 


Assumptions 


Rq ^> 5,1/ fi; (Tq ~ er+ and r does not depend on u> 


None 


Potential type 


DVPs 


NDVPs 


Both 


l/ 7 

Absolute stability 
Classical stability 


215-1 


OO - 


1 

A 
A 


2(15-1) 






TABLE 3.5: Key analytical results for the case of polynomial potentials. Recall that the ^-independent character- 
istic slope 7 = Eq /luQ leads to the proportionality relation Eq oc Q 1 ^ 7 . The symbols, O an d A> indicate that 
Q-balls are stable or can be stable subject to certain conditions, respectively. Recall that we may need the condition 
<t(J?q) < <7_ in our thin-wall analysis; the readers should also note that our "thick-wall" analysis is valid as long 
as it satisfies Eq. d3.45t . The Q-balls in the "thick-wall" limit are absolutely and classically stable subject to the 
condition Eq. J3.47t . 



45 



Chapter 4 

Q-balls in MSSM flat potentials 



4.1 Introduction 



133 



Q-b alls have recently attracted much attentions in cosmology Il24ll and astrophysics J^l H, 1 1 32 
13411 . A Q-ball is a nontopological soliton, and a number of scalar field theory models have been 
proposed to support the existence of nontopological solitons. 

From a phenomenological point of view, the most interesting examples are probably the supersymmetric 
Q-balls arising within the framework of the Minimal Supersymmetric Standard Model (MSSM), which 
naturally contains a number of gauge invariant fiat directions. Many of the flat directions can carry 
baryon (B) or/and lepton (L) number which is/are essential for Affleck-Dine (AD) baryogenesis J14I . 
Following the AD mechanism, a complex scalar (AD) field acquires a large field value during a period 
of cosmic inflation an d tends to form a homogeneous condensate, the AD condensate. In the presence 



of a negative pressure ll 1 1 



1 17H . the condensate is unstable against spatial fluctuations so that it devel- 
ops into nonlinear inhomogeneous lumps, namely Q-balls. The stationary properties and cosmological 
consequences of the Q-balls depend on how the Supersymmetry (SUSY) is broken in the hidden sec- 



tor, transmitting to the observable sector through so-called messengers. In the gravity-mediated 112311 or 



gauge-mediated scenarios 12411 . the messengers correspond respectively either to supergravity fields or 



to some heavy particles charged under the gauge group of the standard model. 

Q-balls can e xist in scalar field potentials where SUSY is broken through effects in the supergravity 
hidden sector 1 13511 . This type of Q-balls can be un stabl e to decay in to baryons and the lightest super- 



symmetric particle da rk m atter, such as neutralinos 113611 . gravitinos II 1 37 



138 



13911 and axinos |14C ] 



Recently, McDonald Il4lh has argued that enhanced Q-ball decay in AD baryogene sis mode ls ca n ex 



plain the ob serve d positron and electron excesses detected by PAMELA 1 142 , 



143|], ATIC 1144D and 



PPB-BETS 1 14511 . By imposing an upper bound on the reheating temperature of the Universe after infla- 
tion, this mode of decay through Q-balls has been used to ex plain why the observed baryonic (fit) and 
dark matter (ft dm) energy densities are so similar 1 14611 14711 . i.e. ftDM/ftb = 5.65 ± 0.58 in Eq. d 1 .2b 



a. 



Scalar field potentials arising through gauge-mediated SUSY breaking 12311 tend to be extremely flat. 
Using one of the MSSM flat directions, namely the QdL direction (where Q and d correspond to squark 
fields and L to a slepton field), which has a nonzero value of B — L and therefore does not spoil AD 



baryogenesis via the sphaleron processes that violate B + L 114711 . Shoemaker and Kusenko recently 
explored the minimum ene rgy c onfiguration for baryo-leptonic Q-balls, whose scalar field consists of 
both squarks and sleptons 1 14811 . It had been assumed to that point tha t the lowe st energy state of the 



scalar field corresponds to being exactly the flat direction; however in 11148 



14911 . the authors showed 



that the lowest energy state lies slightly away from the flat directions, and that the relic Q-balls, which 



are stable against decay into both protons/neutrons (baryo ns) and neutrin os/electrons (leptons) (22], may 



146, 



end up contributing to the energy density of dark matter 119 

the baryon-to-photon ratio I19I1 . i.e. n^/n^ ~ (4.7 — 6.5) x 1CP 10 in Eq. ( II . lb I ldll where n\, and 



15011 : thus, the Q-balls can provide 



are, respectively, the baryon and photon number densities in the Universe. 

In this chapter we examine analytically and numerically the classical and absolute stability of Q-balls 
using flat potentials in the two specific models mentioned above. In order to study the possible existence 
of lower-dimensional Q-balls embedded in 3+1 dimensions, we will work in arbitrary spatial dimen sions 



D; althou gh of course the D = 3 case is of more phenomenological interest. Previous work 11101 



111 



147H on the gravity-mediated potential has used either a steplike or Gaussian ansatz to study the 
analytical properties of the thin and thick-wall Q-balls. Introducing more physically motivated ansatze, 
we will show that the thin-wall Q-balls can be quantum mechanically stable against decay into their 
own free particle quanta, that both thin and thick-wall Q-ball solutions obtained are classically stable 
against linear fluctuations, and confirm that a Gaussian ansatz is a physically reasonable one for the 
thick-wall Q-ball. The one-dimensional Q-balls in the thin-wall limit are excluded from our analytical 
framework. The literature on Q-balls with gauge-mediated potentials has tended to use a test profile 
in approximately flat potentials. We will present an exact profile for a generalis ed gauge -mediated flat 
potential, and show that we naturally recover results previously published in ll^i I231 1 147 ] . 



The rest of this chapter is organised as follows. Section 14721 provides a detailed analyses for gravity- 
mediated potentials, and in Sec. I4.3l we investigate the case of a generalised gauge-mediated potential. 
We confirm the validity of our analytical approximations with complete numerical Q-ball solutions in 
Sec. 14.41 before summarising in Sec. 14.51 In Appendix iBl we obtain an exact solution for the case 
of a logarithmic potential, and in Appendix [C] we confirm that the adoption of a Gaussian ansatz is 
appropriate for the thick-wall Q-ball found in the gravity-mediated potentials. This chapter is published 
in 150|. 
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4.2 Gravity-mediated potentials 



The MSSM consists of a number of flat directions where SUSY is not broken. Those flat directions are, 
however, lifted by gauge, gravity, and/or nonrenormalisable interactions. In what follows the gravity 
interaction is included perturbatively via the one-loop corrections to the bare mass m in Eq. d2.25l l and 
the nonrenormalisable interactions (U nr), which are suppressed by high energy scales such as the grand 
unified theory scale My ~ 10 16 GeV or Planck scale m p i ~ 10 18 GeV. Here, m is of order the SUSY 
break ing scale which could be the gravitino mass ~ evaluated at the renormalisation scale M 

1 13511 . We note that, following the majo rity of wo rk in this field, we will ignore A-term contributions 



( U(l) violation terms), thermal effects 1151 



15211 which come from the i ntera ctions between the AD 



field and the decay products of the inflaton, and the Hubble-induced terms 115311 which gives a negative 
mass-squared contribution during inflation. It is possible that their inclusion could well change the 
results of the following analysis. 



The scalar potential we are considering at present is ll 1 1 



1351 



U = U grav + U NR = \m 2 a 2 (l + K\n(^\)+ -^a" (4. 1) 



M 2 



m P i 



where we used Eq. (12.251 1, K is a factor for the gaugino correction, which depends on the flat directions, 

IAI 2 

and M is the renormalisation scale. Also A is a dimensionless coupling constant, and Unr = J- 4 & n , 
where n > 2. If the MSSM flat directions include a large mass top quark, K can be positive and then 
Q-balls do not exist. For flat d i recti ons that do not have a large mass top quark component, we typical 



find K ~ —[0.01 — 0.1] 111 1 ll I154H . The power n of the nonrenormalisable term depends on the flat 
directions we are choosing along which we maintain R parity. As examples of the directions involving 
squarks, the u c d c d c direction has n = 10, whilst the u c u c d c e c direction requires n = 6. A complete list 
of the MSSM flat directions can be found in Table 1 of iQ. Since the potential in Eq. ( 14.1b for K < 
could satisfy the Q-ball existence condition in Eq. ( I2.241 i. where uj + ^S> m, Q-balls naturally exist. 

In the rest of this chapter, we will focus on potentials of the form of Eq. ( 14. U for general D(> 1) and 
u) and n(> 2) so that M and m p i have the same mass dimension, (D — l)/2, as a. It means that the 
parameters M and m p i are only physical for D = 3. For several cases of n and D, the term U nr can 
be renormalisable, but we will generally call it the nonrenormalisable term for the future convenience. 
The readers should note that the potential Eq. d4.ll ) has been derived only with Af = 1 supergravity 
in D = 3; therefore, the potential form could well be changed in other dimensions. Furthermore, the 
logarithmic correction breaks down for small a and the curvature of Eq. ( 14.11 ) at a = is finite due to 
the gaugino mass, which affects our thick-wall analysis and their dynamics. However, we concentrate 
our analysis on this potential form for arbitrary D, n and any values of a for two main reasons. The 
first is that it contains a number of general semiclassical features expected of all the potentials, and the 
second is that it offers the opportunity to consider the lower-dimensional Q-balls embedded in D = 3. 

In AppendixlBl we obtain the exact solution of Eq. ( 12.20b with the potential U = U grav ; however, exact 
solutions of the general potential U in Eq. ( 14. Il l are fully nonlinear and can be obtained only numerically. 
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Therefore, we will analytically examine the approximate solutions in both the thin and thick-wall limits. 
Before doing so, we shall begin by imposing a restriction on A in Eq. ( 14. U in order to obtain stable 
Q-matter in NDVPs. With the further restrictions on A and \K\, we can proceed with our analytical 
arguments, and we will finally obtain the asymptotic Q-ball profile for large r which will be used in the 
numerical section, Sec. 14.41 



4.2.1 The existence of absolutely stable Q -matter 

As we have seen, the first restriction on the parameters in Eq. ( 14. lb is K < to satisfy Eq. (12.24b . 
Further, we need to restrict the allowed values of the parameter A to ensure that we obtain absolutely 
stable Q-matter. Notice that Q-matter exists in NDVPs, whilst the extreme thin-wall Q-balls in DVPs 
will not be Q-matter as we showed in chapter[5J 



By using the definitions of cj_ and cr + , namely, lo 2 _ = ^r\ a and 
range of values of A for which absolutely stable Q-matter solutions exist. Moreover, we will obtain the 
curvature /i, which is proportional to | K\, of the effective potential at a + . 



da 



= 0, we shall find the 

+ 



The effective potential for Eq. ( 14.1b can be rewritten in terms of new dimensionless variables a = 

a/M, Cj — u>/m, and 



as 



Us, = ^M 2 m 2 & 2 (1 - Co 2 - 2\K\ Lncr) + M 2 m 2 2 b n . (4.3) 



After some simple algebra and introducing a) 2 = and 



CT + auu da 



\K\ \— „ 2 _ 1 



a + = 7Z TXm ' w 



(n - 2)/3 2 J ' " n - 2 



2\K\ - 21X1 In 



0, we obtain 

\K\ 



(n - 2)P 



(4.4) 



Notice that Q_ = corresponds to DVPs where Q-matter solutions do not exist, whilst the extreme 
thin-wall Q-balls do exist and are absolutely stable against their own quanta as we will see. In NDVPs, 
Q-matter solutions exist and are absolutely stable when < lq 2 _ < 1, see Eq. ( 12.301 ). Combining these 
facts and using the second relation in Eq. ( 14.41 ). we have the constraint on A for stable Q-matter solutions 
to exist, namely 

\ K \ e ^ ( ™-2\ a2 \K\e- 1 

n eX P -T^TTT < P < ' , (4.5) 



* n-2 M*- 2 eXP ("Wj < < n-2 M"~ 2 ' ^ 

where we have used Eq. d4.2l ) to go from Eq. ( 14.5b to Eq. ( 14.6b . Here, the lower limit of | A| 2 corresponds 
to U3 2 _ = 0, whilst the upper limit corresponds to a) 2 = 1. The inequality in Eq. ( 14.61 ) implies that if 
the coupling constant A of the nonrenormalisable term in Eq. (14.11 ) is too small, then it does not support 
the existence of Q-balls, whereas a large A coupling leads to unstable Q-matter. With the following 
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parameter set, m = M = 1, \K\ = 0.1, n = 6 and the lower/upper limits of /3 2 in Eq. (14.5b . Fig. 14. II 
shows the inverse potentials in Eq. ( 14.3b and their inverse effective potentials — U u with various values 



\K\e 



exp f — pq- J , corresponds to DVPs case with o>_ = 0, whilst in the 



of u). The lower limit, /3 2 

upper limit, /3 2 = -^-j — , the potentials do not have degenerate vacua with a>_ = 1, hence are called 



NDVPs. By substituting the values of (3 into Eq. (14.4b . we obtain the values of a + indicated in Fig. 14.1 



Finally we can obtain the curvature, /x 2 (u) 



da 2 



, evaluated at w_ , i.e. 



fi 2 = [i 2 (u-) = m 2 \K\(n-2) oc \K\, 



(4.7) 



which implies that a small logarithmic correction \K\ <C 0(1) in Eq. ( 14.1b gives an "extremely" fiat 
effective potential U u compared to the quadratic term m? around a — er+ for a given n ~ O(10 0_1 ). 
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FIG. 4.1: Parameters a±(u>) for a potential of the form U(a) 



\K\ \na ) + p (j (effective poten- 



tial U u = U — ^uj 2 a 2 ) with \K\ = 0.1. The left hand figure corresponds to the case of a DVP with f3 2 



4 ' ex P ^ \K\ J ' " ' "~ " ' » """M — 4 

see Eq. l !4.5b . The coloured lines in each plot correspond to different values of uj. The variable a+(ui) is defined 
as the maximum of the inverse effective potential —Uoj where as <j~(uj) corresponds to — U^(a-(ui)) = for 
cr_ (uj) / 0. Recalling uj- = in DVP, the DVP has degenerate vacua at a+ (0) = e 1/4 exp f J ~ 1.91 X 10 2 
(red-solid line), whilst the NDVP does not. The inverse effective potential —U u with uj- — 1 in NDVP (green- 
dashed line), however, has degenerate vacua at a+(u>-) = e 



(-*) 



1.90 x 10" 



whilst the right hand side is the NDVP with f3 



\K\e~ 



9.20 x 10~ 3 , 



1 ' 4 ~ 1.28, see the first relation in Eq. J4.4b . For the 
lower limit uj ~ u>- (green-dashed lines), we could see a+ = e 1//4 , whilst the purple dotted-dashed lines show 
<7_ (uj) — > near the thick-wall like limit ui = 3.0 ~ cj+ where uj+ S> 1. 



4.2.2 Thin- wall Q-balls for a ~ o+, i? Q > e5, l//i, L> > 2 

For the extreme limit a; = cj_, Coleman demonstrated that the steplike ansatz | 

case of NDVPs because the surface effects of the thin-wall Q-ball in this limit are not significant. There 
are situations though where we would like to explore the region around uj = U-, corresponding to 
tTo ~ <j + (uj), and to do this we need to include surface effects. In chapter[3]we explained how to do this 
under the assumptions: Rq/S, ^Rq ^> 1, <t(Rq) < <j-(uj), &+(uj) — <j+(uj-) = er+, and that the 
surface tension r ~ f° + da^j2U u _ does not depend "sensit ively " on uj. Here, Rq, S are, respectively, 



the Q-ball core size and the shell thickness. We note that in 112511 . Coleman assumed U u ~ U u _ in the 
shell region, and this is equivalent to saying <t(Rq) < cr_ (uj). In what follows we will be making use 
of Coleman's approach. By requiring this or <j(Rq) < a-(ui), we can guarantee real values of shell 
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thickness 5 and surface tension r. The assumption, in which t does not depend on uj, is related to the 
assumptions: a + (uj) — a + and U u ~ U u _ in the shell region. 

Under these assumptions and for D > 2, we now apply the previous thin-wall analysis developed in 
chapter[3]to the present potential Eq. ( 14.1b . The ansatz is given by Eq. ( 13.6b 

(7+ — s(r) for < r < Rq, 
o-(r) = -( a-(r) for J? Q < r < Rq + 5, (4.8) 

for R Q + 5 < r, 

where Rq, 6, the core profile s(r), and the shell profile a(r) will be obtained in terms of the underlying 
potential by extremising with respect to Rq. Each of the profile functions satisfies 

„ D - 1 



r 

... dU t 



s'-fis = 0, (4.9) 
= 0. (4.10) 



da 

By recalling Eq. ( 12.271 ), we have previously found that in Eqs d3.25H3.29t , i.e. 



— ■ S ~- 

En 2D -I 



R Q ~ (£)-!)—; 5 w ~-aVD>0; Q-^Vd, (4.11) 



(4.12) 



2(£)-l) 2(Z)-l)w 2 ' 
--^ ~ ^<0, (4.13) 

where we have taken the thin-wall limit uj ~ w_ in the last inequality. Notice that our analytical work 
cannot apply for the ID thin-wall Q-ball, see the first expression in Eq. (14.1 U . 



NDVPs: This type of potential supports the existence of Q-matter that corresponds to the regime 
U ^> S. The Q-matter can be absolutely as well as classically stable for the extreme limit w ~ , when 
the coupling constant A for the nonrenormalisable term in Eq. d4.U satisfies Eq. ( 14.6b . The characteristic 
slope is given by the first case of Eq. ( 12.38b . and the charge and energy are linearly proportional to the 
volume Vd ■ 



DVPs: With the presence of degenerate minima in Eq. ( 14.1b . in chapter[3] we obtained the ratio U/S ~ 
1, which corresponds to the second case of Eq. ( 12.38b . The charge and energy are not proportional to 
the volume Vd itself in this case; hence, we cannot see the existence of Q-matter in the extreme limit 
uj = uj- = 0. Instead we can find the proportional relation simply from Eq. ( 12.181 ) and Eq. ( 14.12b . 
namely E Q « q2(d-i)/(2D-i)_ 



Our main approximations are based on the assumptions ao ~ cr+, Rq 3> S, 1//U, and ~ U u _ in the 
shell region. In what follows we will see through numerical simulations that our analytic results agree 
well with the corresponding numerical results even in a "flat" potential choice \K\ = 0.1, m = M = 
1, n = 6, which implies that 1/fj, ~ 1.58, see Eq. ( 14.7b . 
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4.2.3 Thick- wall Q-balls for f3 2 < \K \ < 0(1) 

In chapter [3] we studied "thick-wall" Q-balls in general polynomial potentials, and extracted out the 
explicit oj dependence from the integral in S u by reparameterising terms in the Euclidean action S u in 
terms of dimensionless quantities and by neglecting higher order terms. We then made use of the tech- 
nique Eq. ( 12.16b and obtained consistent classical and absolute stability conditions, Eqs. ( 12.301 |2~3T1 i. 
For our present potential, Eq. ( 14.3b . which satisfies the condition, (3 2 < \K\ < 0(1), we will be able to 
ignore the nonrenormalisable term by introducing a = a/M and (3 2 in Eq. ( 14.21 ). We can then obtain 
the stability conditions using the same technique as before. Indeed for the limit u) > 0(m), we will 
see &(r) ~ 0(e) < 0(1) where e is a small dimensionless constant (not e w in Eq. ( 12.27b ). and see 
(To = <t(0) > <j(r) for any r because er(r) is a monotically decreasing function in terms of r. Since 
the leading order of the logarithmic term, a 2 lncr, in Eq. ( 14.3b is of 0(e 2 ) using the L'Hopital's rules, 
we can ignore the nonrenormalisable term in Eq. ( 14.31 ) at the beginning of our analysis. To confirm this, 
in Appendix [C] we will keep all terms in Eq. ( 14.3b by introducing a Gaussian ansatz and show that the 
results below [Eqs. d4.191l4~20l )l can also be recovered under the same assumption 1 < \K\ < 0(1). 
By adapting the techniques introduced in Eq. ( 12.161 ). in this subsection we will show how to obtain the 
thick-wall solutions without involving the Gaussian ansatz. 

First of all we introduce two characteristic limits: the "moderate limit" u > 0(to) and the "extreme" 
limit oj ^> to. We will see 5o — <7_(cj) — > + which leads to d-(ui) -C 0(1) in the "extreme limit", 
and then even in the "moderate limit" we will see that the contributions from the nonrenormalisable 
term are negligible and that cr_ (uj) is a monotonically decreasing function in terms of uj. Under the 
conditions 1 < \K\ < 0(1) in Eq. d4~3l l. we obtain 

2 



\K\m 2 da^juj) 



= 1 -2\K\1na-(u) + 2/3 j! a n r'(oj) ~ 1 -2\K\\oga-(u>), (4.14) 

-i -i 

~-l<0, (4.15) 



1 + 2(n- 2)' 



\K\ 



o 



2 K to 2 



0, (4.16) 



where we used U u (a- (u>)) — to obtain Eq. (14.14b . It follows that (ui) < 0(1) for the thick-wall 
limit uj to, and we can ignore the nonrenormalisable term. Since Eq. d4~T5b implies that < 

in the limit (T-(uj) < 0(1), S'-(w) is a monotonically decreasing function. Therefore, we can ignore 
the contributions from the nonrenormalisable term up to cj > 0(to) which we call the "moderate 
limit" with the notation '~' as seen in the second relations of Eqs. ( 14.14ll4~T5l ). instead of the "extreme" 
limit uj ^> to with the notation . Thus, we obtain the desired results of the second relation in 
Eq. fiTTBl From Eq. gj4]>, the logarithmic term may be of < 0(1) for \K\ < 0(1), 1 < 0(1) in 
the "moderate" limit, which implies that the "moderate limit" is valid even when oj ~ 0(to). 

Let us define a(r) and f through a(r) = aa(r) and r = br where a and b will be obtained in terms of 
the underlying parameters. By substituting these reparamerised parameters a and f into Eq. (12.10b . and 
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neglecting the nonrenormalisable term due to 'the L'Hopital's rules', we obtain 

- im 2 a 2 A/ 2 ^1 - (-^-) 2 - 2|A'|lna^ a 2 + \m 2 \K \a 2 M 2 a 2 lna 2 j , (4.17) 

= ^M 2 ^"^^), (4.18) 

where 5 (a(r/b)) = ft D _i J drf ' 1 |± (^|) 2 - ±a 2 (l - In a 2 )}, which is independent of uj. In 
going from Eq. ( 14.171 ) to Eq. ( 14.181 ) we have set the coefficients of the three terms in the brackets of 
Eq. ( 14.17b to be unity in order to explicitly remove the u> dependence from the integral in S u . In other 
words, we have set a = e _1 / 2 exp 2 \K\m 2 ~ e _1//2 cr_(u;), b = — J\k\ ' following Eq. ( 12.16b . we 
can differentiate Eq. (14.18b with respect to u> to obtain Q and then use the Legendre transformation to 
obtain Eq . Coupled with Eqs. ( 12.301 12.31b we obtain both the classical and absolute stability conditions. 
This is straightforward and yields 

2uj E Q m 2 \K\ 

Q ~ ^W\ S - + (4 - 19) 

" (EQ ^ - 1 ^ 1>0, ^l-^^-J^O, (4.20) 



duj \ Q J 2lu 2 ' Q duj m 2 \K\ m 2 \K\ 

where we have taken the "extreme" limit u » m as indicated by Eq. d4.19b implies that the 

characteristic slope for the thick-wall Q-balls are tending towards the case S <C U in Eq. ( I2.38b and 
Eq. ( I4.20b shows that the Q-balls are classically stable. These results are independent of D. In Appendix 
|C]we will generalise the results of Eqs. ( |4.19ll4~20l ) by adopting an explicit Gaussian ansatz without 
neglecting the nonrenormalisable term. 

Before finishing this subsection, let us comment on possibilities to have absolutely stable thick-wall Q- 
balls in the case, \K\ < 0(1), 1 <C 0(1). The results present above still hold even in the "moderate 
limit" lu ~ 0(m) for the present case. Thus, the thick-wall Q-balls, if they exist, can be absolutely 
stable when the following conditions from Eqs. ( 12.301 l4~T9b are met: 



«-<m, -< 1 + V/1 ' 2|A1 ' \K\< \, P 2 « 0(1). (4.21) 
mi 2 

It follows that for \K\ > 1/2, the thick-wall Q-balls are always absolutely unstable. If w_ > to, we 

know uj > uj- in both the "moderate" and "extreme" limits, hence the thick-wall Q-ball is always 

absolutely unstable again, see Eq. ( 12.30b . Notice that the condition 1 < \K\ implies w_ < 0(m), 

see Eq. ( 14.5b . so the first condition in Eq. ( 14.21b can be satisfied. This then leaves only a small window 

of the parameter space for absolutely stable thick-wall Q-balls. In the numerical section, Sec. 14.41 we 

will confirm that the thick-wall Q-ball can be absolutely stable against decay into their own quanta by 

choosing suitable parameters, i.e. cj_ =0, 1 ~ 1.90 x 10~ n , and \K\ = 0.1. 



4.2.4 Asymptotic profile for large r and (3 2 < \K\ < 0{1) 

In order to obtain the full numerical profiles over all values of uj, we should analytically determine the 
asymptotic profile for large r in the potential Eq. (14.1b which satisfies (3 2 < \K\ < 0(1) as in the 
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previous subsection. As long as the value of r satisfies r > where R u is some large length scale 
and depends on u>, we can assume that the friction term in Eq. ( 12.201 ) and the nonrenormalisable term in 
Eq. (14. lb are negligible for large r. Hence, the Q-ball equation Eq. (12.20b reduces to the one-dimensional 
and integrable form 

a" = (4.22) 
da 

where ~ \m 2 a 2 (l - (^) 2 - \K\ log (ffr))- Equation ( 14.22b implies that the profile has a 
symmetry under the variation of r because Eq. ( 14.22b does not depend on r explicitly. Multiplying both 
sides of Eq. d4~22l by ^ leads to 

ra{r) da 

Ru - r, (4.23) 



where we have used the boundary conditions: cr'(oo) — > 0, U^(a(oo) — ► 0) — * and a'(r) < 0. After 
some elementary algebra, the final asymptotic profile becomes 

m 2 \K\M 



a(r) - Me M </ 2m * cxp (- ™ l f M (r - , (4.24) 



d_ ( a[_ 
dr V a 



m 2 \K\M, (4.25) 



where r u = R u — y 1 -^f — log ( j^fif^ j / (l^l m )- Equation ( 14.24b is a consequence of the sym- 
metry in Eq. (14.22b under the translation r — * r — r w from a Gaussian profile as seen in Eq. ( IB. lb of 
AppendixlBl Furthermore, Eq. (14.25b depends on the parameters m, M, \K\ in Eq. (14.1b . We will later 
use the relation Eq. ( 14.25b as a criterion that must be satisfied in obtaining full numerical profiles for all 
values of to. 



We finish this section by recapping the key results we have derived for the case of the gravity-mediated 
potential, Eq. ( 14.1b . in both the thin and thick-wall limits. In the thick-wall limit, we imposed the 
restrictions (3 2 < \K\ < 0(1) on the potential to ignore the nonrenormalisable term. In both limits, 
we have derived the characteristic slopes in Eqs. ( 14.12ll4~T9l l and the classical stability conditions in 
Eqs. (14.13ll4~20l i and shown that the Q balls are classically stable in both cases. The thin-wall Q- 
balls in DVPs are always absolutely stable, and Q-matter in NDVPs can be absolutely stable when the 
coupling constant for the nonrenormalisable term satisfies Eq. ( 14.6b : whilst absolutely stable Q-balls in 
the thick-wall limit may exist only for Eq. ( 14.21b . Finally, we obtained the general asymptotic profile, 
Eq. (14.24b , for large r. 



4.3 Gauge-mediated potential 

The gauge-mediated scalar potential can be written in quadratic form in the low energy regime for scales 
up to the messenger scale Ms, and carries a logarithmically (extremely) flat piece in the high energy 
regime HQ. This extreme flatness means that the thin-wall Q-ball we used in Eq. (14.8b cannot 
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be applied to this situation, and so we now turn our attention to Q-balls in extreme flat potentials. 

n 

We will generalise the results of H24H to an arbitrary number of spatial dimensions and show that the 
known Q-ball profiles in ifl^l I24I are naturally recovered by our more general ansatz. Moreover, we 
will investigate both the classical and absolute stabilit y of these Q-balls. The gauge-mediated potential, 



which we will use in this section, is approximated by ll 1C 



129] 



\m 2 a 2 for cr(r) < a(R) 



U(a) = { z (4.26) 
Uq = const, for a(R) < cr(r), 

where Uq and R are free parameters that will be determined by imposing a condition that leads to a 
smooth matching of the profiles at er(i?), Uq — \vr?a 2 {R). Notice that Q-balls exist within < uj < 
m in Eq. ( 14.26b . and the potential does not have degenerate vacua although u_ ~ 0. Since Eq. ( 14.261 ) is 
not differentiable at a(R), we can approximate Eq. ( 14.26b by 

U„ = im 2 A 2 (l - e- a2 / A ^ (4.27) 



which we will use in the numerical section, Sec. 14.41 Note that A = <r(i?) corresponds to the scale 
below which SUSY is brok en, so that U = ±m 2 A 2 in Eq. ( 14.261 ) . Th e potential Eq. ( 14.27b differs 



from the one used in 115511 . but is similar to the potential used in |15ql . Fig. 14.21 shows the inverse 
potential Eq. ( 14.271 ) and the inverse effective potentials for various values of oj with m = 1, A 2 = 2, 
which implies Uq = 1. The red-solid line shows the inverse potential of Eq. ( 14.271 ) (—U ga uge), and the 
sky-blue dotted-dashed line corresponds to the inverse quadratic potential of Eq. ( 14.26b . For sufficiently 
large and small a, the two potentials in Eqs. (14.261 |4~27T > have similar behaviour, but we can see the 
difference in the intermediate region of a where 1 < a < 3. Hence, we can expect that profiles around 
the thick-wall limit are different between the potentials since the thick-wall profiles are constructed in 
the particular region, 1 < a < 3; hence it may lead to the different stationary properties and stability 
conditions. 

Using Eq. ( 12.27b . the Q-ball equation, Eq. ( 12.20b . in the linearised potential Eq. ( 14.26b becomes 

C + ^ + ^ - 0,for0<r.<tf, (4.28) 

v'shell + -^—v'sHell ~ ™>l° 'shell = 0, for R < r, (4.29) 

where the profiles should be imposed to satisfy the boundary conditions, a' < 0, cr(0) = ctq = 
finite, cr(oo) = ct'(oo) = 0, cr'(0) = 0. The solutions are 

a core (r) =Ar 1 - D / 2 J D/2 _ 1 (ujr) for < r < R, 

(4.30) 

(T s hell{r) = B r 1 - D / 2 K D/2 _ 1 (m UJ r) for R < r, 

where J and K are Bessel and modified Bessel functions respectively, with constants A and B. By 
introducing <tq, and expanding JD/2-i{ ujr ) f° r small ujr in a core (r), and by using the condition Uq = 

h m2(j2 sheu( R ) we obtain 

/2 xD/2-l i 

A = a T{D/2)(-\ , U - -m 2 B 2 R 2 ' D K 2 D/2 _ 1 (m LU R). (4.31) 
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FIG. 4.2: The inverse potential —I) 'gauge in Eq. J4.27b (red-solid line) with m = 1, A 2 = 2 which implies {To = 1 
and the inverse effective potentials —U^ for different values of to. In order to compare between Eq. ( 14.26b and 
Eq. ( 14.27b . we plot the inverse quadratic potential with the sky-blue dotted-dashed line. The two potentials are 
asymptotically similar, but they are different around the intermediate region of a, where 1 < a < 3. 

Since the energy density is smooth and finite everywhere, we have to impose a smooth continuity con- 
dition to the profiles cr core (R) = a sheU (R) and a' core (R) = <r' shell (R), which gives 

A _ K D/2 _ 1 (m UJ R) _ m UJ K D/2 (m LL ,R) ^ 

B Jd/2-i(uR) ujJ d/2 (u)R) 

We will see that the particular value of <tq does not change important features such as the stability 
condition and characteristic slope of the Q-ball solu tions . Using Eq. ( 14.32b we obtain the following 



important identities, which we will make use of later 1 15711 : 



J d/2 {ujR) KD/^m^R) 
Jd/2-i{uR) K D / 2 -i{m u R) 



(4.34) 



J d/2 {ujR)J d / 2 _ 2 {ujR) /m u \ 2 K D/2 (m (JJ R)K D/2 _ 2 (m (JJ R) 

J d/2-A ujR ) \ uj J K^^^m^R) 

where we used the recursion relations J M _i(z) + J M+ i(z) = ^J^{z), K^-i(z) — K^ l+ i(z) — 
-^K^z) for any real fx and z. We can easily find S™ re = U V D + (\a core (R)a' core {R)) dV D 
and S s u heU = - (\a s heu{Ry sheU {R)) dV D , and then using S* w = S c ° Te + S s J lM it follows that 

= U V D , (4.35) 

where we have again used the continuity relations a core (R) = cr s heU (R) and a' core (R) = a' shell (R). To 
find the charge Q, we do not make use of the Legendre relation Q = — ^f- in Eq. ( 12.161 ). because R is 
a function of w, and is determined by Eq. (14.33l l. However, we can obtain Q by substituting Eq. ( 14.30b 
directly into Eq. (12. 1 Ob : 

_ DU a V D ( K D/2 (m u R)K D/ 2- 2 (m u R)\ 

(J = 172 1 m i ( 4 - 36 ) 

u y K^^im^R) J 
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where we have used Eqs. ( 14.3111432 



an d Eg. (14.341) . as well as the relation, J dy yZ^ (y) = 



1 110 . 



15711 . Here, fx is real, and Z can be either the Bessel function 



y-{zl{y)-z^Mz^M) 

J or the modified Bessel function K, and we have used the following recursion relations to obtain the 
indefinite integral: z- 3 £±LiJ il = ±zJ^ Tl , J^-i-J^+i = 2-^, z- 3 f±fj,K l _ l = -zK^i, K^-i + 
K, + i = -2^. 

For future reference we obtain explicit expressions for R for case with an odd number of spatial dimen- 
sions. Eq. ( 14.331 ) can be solved explicitly in terms of R to give 

luR = arctan ( — V forD = l, (4.37) 

\m u J 

luR = it - arctan ( — ] , for D = 3, (4.38) 

where we have used J 3/2 (x) = ~ cos(x)^j , J-i/ 2 {x) = ^J^sm(x), J_ l/2 (x) = 

^cos(x), K a/2 (x) = y/^e- x (l + ±), K 1/2 (x) = y/^e~ x = K_ 1/2 (x). We will discuss 
the classical stability for Q-balls in D = 1, 3 in the numerical section, in which we will show stability 
plots arising from Eqs. ( 14.371 14381 . 



4.3.1 "Thin- wall-like" limit for m^R, uR > 0(1) 

We now discuss both the classical and absolute stability of gauge-mediated Q-balls in arbitrary di- 
mensions D, in the limit m^R, loR 3> 1, which implies that the "core" size R is large compared to 
1/uj. As we will see in the numerical section, Sec. 14.41 the limit will turn out to be equivalent 
to the thin-wall limit ui ~ ui- ~ 0. Recall that this potential does not have degenerate vacua. Using 
Eqs. (14.35114.36b . 

S^-^-il + Odm^R)- 1 )} , (4.39) 



where we have used lim^^^ K fl (z) ~ y/j^ e 2 1 + 4M 8g 1 + 0(z 
follows 

E Q D + l 



The characteristic slope 



(4.40) 



129] 



ujQ D 

from which we see immediately from Eq. ( 12.18b that we recover the published results of 124 
namely E oc Q D / ( - D+1 \ From Eqs. ( 12.301 14.401 . the "thin-wall-like" Q-ball is absolutely stable since 
the present limits will cover the thin-wall limit u> ~ cj_ ~ as we stated. 

We can also obtain an explicit expression for R(oS) and 4^ in the limits m w R ^> 1 and ujR \y? — j |, 
where fi (~ 0(1)) is the argument of the Bessel function: 

loR = [ — - — 1 7T arctan ( J , (4.41) 

f = _«(, i (4 . 42) 

dui u \ m u R I oj 
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Notice that Eq. ( 14.411 ) for D = 3 reproduces the given profile in and it coincides with the exact 

expression derived in Eq. ( 14.38b . Using Eqs. d4.36ll4~4T] ) and Eq. ( 14.421 ). we obtain 

Q * (4.43, 

UJ 

u) dO 

--ft- ~ -D-KO, (4.44) 

y WjJ 

which shows that the Q-ball in this limit is classically stable. One can also check both Q ~ ~^ !L = 
DUqVd /lu from Eq. ( 14.4-21 ) and {^Q^j — "tt" > from Eq. ( 14.401 ). which are respectively consis- 
tent with Eq. (14.44b and with the result in Eq. ( 12.31b . 



4.3.2 "Thick- wall" limit for D = 1, 3, . . . 

Having just discussed the "thin-wall-like" properties for arbitrary D, we turn our attention now to the 
the other limit, w ~ u>+. This is much more difficult to analytically explore because Eq. ( 14.34b can 
only give a closed form expression for R for the case where D is an odd number of spatial dimensions. 
Therefore, we will concentrate here on the interesting cases, e.g. D = 1, 3. 



D = 3 case: From Eq. ( 14.38b and recalling that in the "thick-wall" limit, m u — > 0, ui ~ w+ = m, we 
obtain i? ~ 4^ ~ — — , and by substituting these into Eq. ( 14.36b we find 

- -i+4-4>°. ^ 

^ = 1 + ^-1, (4.46) 

which shows that the three-dimensional "thick-wall" Q-ball is classically unstable. This fact is consis- 
tent with the relation that ( ) = 1 - > < where we have used Eq. ( 14.46b . It also 



duj \ Q J 6m w 6m L 

follows that the "thick-wall" Q-ball is not absolutely stable, and the solution will decay to free particles 
satisfying Eq — > mQ which is the first case of Eq. ( 12.381 ). 



D = 1 case: As in the case D = 3, Eq. ( 14.371 ) implies R — > 0, — -^f 2 ^ in the "thick- wall" 
limit. Using the above results, we obtain 

= 1+ | 1 + — ^ I 



ujQ \ m^R 

Note that the approximate value in Eq. (14.47b is the same as Eq. ( 14.45b . Then the one-dimensional 
"thick-wall" Q-ball is also classically unstable. This fact is again consistent with the result that 

( -TT- ) - 1 + m u R - - — -> < 0. As in the three-dimensional case, the "thick- wall" 



Q-ball is not absolutely stable, and the solution decays into its free particles. 
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4.3.3 Asymptotic profile 

The asymptotic profile for the large r regime in this model can be described by the contribution from 
the quadratic term in the potential Eq. ( 14.26b . from which the profile is Eq. ( 13.491 ), such that 



where E is a constant. Note that we have used the fact that the modified Bessel function of the second 



second expression of Eq. ( |4.49t in the following section. 

Summarising our most important results in the generalised gauge-mediated potential, the "thin-wall- 
like" Q-ball is classically stable for a general D, whilst it is absolutely stable as seen in Eqs. ( 14.401 l4~44t . 
On the other hand, for "thick-wall" Q-balls in D = 1, 3, the Q-balls are both classically and absolutely 
unstable, as can be seen from Eqs. ( 14.451 l4~46b and Eqs. ( 14.471 l4~~4~8b . Finally we obtained the general 
asymptotic profile Eq. ( 14.49b for large r. 

4.4 Numerical results 

In this section, we obtain exact numerical solutions for Q-balls for both the gravity-mediated potential 
in Eq. ( 14.3b and the gauge-mediated potential in Eq. (14.27b with dimensionless parameters by setting 
m = M = 1 and A 2 = 2. We adopt the 4th-order Runge-Kutta algorithm and usual shooting methods 
to solve the second order differential equations Eq. ( 12.20b (for full details see the numerical techniques 
developed in chapter |5J. The raw numerical data contains errors for large r, thus we introduce the 
previously obtained analytical asymptotic profiles to help control these uncertainties. In particular we 
use Eq. (14.25b for the gravity-mediated potential and Eq. ( 14.49b for the gauge-mediated case. Using 
these techniques, the numerical profiles match smoothly and continuously onto the analytic ones. In 
order to check the previously obtained analytic results, we calculate Q-ball properties numerically over 
the whole parameter space co except around the extreme thin-wall limit co = CO-, because it is difficult 
to obtain reliable numerical results in that limit. 

4.4.1 Gravity-mediated potential 

We shall investigate gravity-mediated potentials with two choices of A in Eq. (14.1b for \K\ = 0.1 and 
n = 6, which can be seen as the red solid lines in Fig. 14. II The choice of the parameters, \K\ and 
n, are simply from phenomenological reasons. The degenerate vacua potential (DVP) on the left has 
lu- = (J3 2 = |Jf| 4 e exp (-j7^| ) ~ 1.90 x 10~ n < 0(1)), and the nondegenerate vacua potential 
(NDVP) on the right has w_ = 1 (/3 2 = i^— - 9.20 x 10~ 3 <C 0(1)), recalling Eq. P3T> . Fig.l4Tl 
also shows plots of the inverse effective potentials — U w for various values of to. Because of numerical 




(4.49) 



kind has the relation K^(r) 




T^e r for large r and any real [i. We will use the criterion in the 
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complications, we are unable to fully examine the properties in the extreme thin-wall limit; however, by 
solving close to this wall limit, our numerical results recover the expected analytical results we derived 
in Eqs. (14.12II4T31 . With the above choice of parameters, the curvature fi of U u at tr+(a;_) = <r+ in 
Eq. (14.7b is /i 2 ~ 0.4 which implies that 1/fi ~ 1.58. From the first relation in Eq. ( 14.4b . we have found 
<7 + ~ 1.28 in NDVP and er + ~ 1.91 x 10 2 in DVP. Since we have assumed Rq 1/fi, a ~ er + in 
our thin-wall analysis for the gravity-mediated potential, we see that it breaks down when the core size 
Rq becomes the same order as l//i and/or <tq ^ a+. Although the full definition of the core size Rq is 
presented in chapter[5] it is very time consuming to evaluate it properly in the simulations; hence, in this 
analysis we have used a more naive approach, in which we have estimated the value of r = Rq when 
the field profile drops quickly from its core value. For the thick-wall limit, we required the condition 
2 IS \K\ ^ 0(1)' which is satisfied with the above chosen parameter set; hence, the analysis is valid 
for oj > 0(1). Because of the choice of |ijf | = 0.1 < 0(1) and w_ = in NDVP, we will see our 
analysis holds even for oj ~ 0(1). 

Hybrid profile: The numerical profiles have errors for large r which correspond to either undershoot- 
ing or overshooting cases; thus, to minimise the errors in the region of large r we replace the numerical 
data by the predicted asymptotic analytical profile using the criterion Eq. ( 14.251 ) to obtain the solution 
for the whole range of r. We then have the hybrid profile which can be written as 

&num(Rnum') 6Xp ( ^~2^R num a'^^ li {R rlurn ) ^raumj (4.50) 
X cxp (~^f- + (Rn um \K\ + 1112{rTuZ\ ) r ) f ° r Rnum - T - R max^ 

where a num is the numerical raw data, R num is determined by | (— cr' num /a num ) — l|r=Ji n „ m < 0.001, 
and we have set R ma x = 60 throughout our numerical simulations in this subsection. We have calcu- 
lated the following numerical properties using the above hybrid profile, Eq. (14.50ft . for D = 1, 2, 3: 

Profile: In the top two panels of Fig. l4.3l (DVP on the left and NDVP on the right), the red-solid and 
blue-dotted lines show the numerical slopes —a' jo for two typical values of u> in D = 3. We smoothly 
continue them to the corresponding analytic profiles by the methods just described in the numerical 
techniques, see green-dashed and purple-dotted-dashed lines. The linear lines correspond to the Gaus- 
sian tails in Eq. ( 14.241 ) and for the cases of co = 0.14 (DVP) and oj = 1.01 (NDVP) corresponding 
to the thin- wall solution we see that it is shifted from the origin to r ~ 21. The middle panels show 
the obtained hybrid profiles of Eq. ( 14.50b for the various values of oj and D. The higher the spatial 
dimension, the larger the core size Q-balls can have. The energy density configurations pE{r) can be 
seen in the bottom panels of Fig. 14.31 Outside of the cores of the DVP profiles for oj ~ we can see 
the same features as we saw in the polynomial potentials we investigated in chapter [3] namely, highly 
concentrated energy density spikes. In NDVP, however, the spikes cannot be seen. The presence of the 
spike contributes to the increase in the surface energy S, which in turn leads to the different virialisation 
ratio for S/U where U is the potential energy, as can be seen in Eq. ( 12.38b . 
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FIG. 4.3: The top two panels show the three-dimensional numerical slopes —a' /a for two typical values of ui for 
both DVP (left) and NDVP (right). The raw numerical data (red-solid and blue-dotted lines) matches continuously 
on to the analytical asymptotic profiles for large r (green-dashed and purple-dotted-dashed lines). The linear lines 
correspond to the Gaussian tails in Eq. l !4.24t . where we can see the large shifts in the thin-wall limits of ui. The 
middle and bottom panels show, respectively, the hybrid profiles Eq. l !4.50t and the energy density configurations 
for the various values of ui and D. The spikes of the energy density configurations exist in the DVP case but not in 
the NDVP case. 

Criterion for the existence of a thin-wall Q-ball: Fig. l4.4l shows the numerical results for ct (uj) 
against ui for both types of potentials - DVP (left) and NDVP (right). Our main analytical approximation 
relies on cto(w) — <t+(oj) ~ <r+ = (7+(cj_), where we have found a + ~ 1.28 ~ 0(1) in NDVP 
and tr + — 1.91 x 10 2 > 0(1) in DVP. The 3D thin- wall Q-ball (green-crossed dots) appears for 
a wider range of uj than the 2D Q-ball (red-plus signs) in DVP as well as NDVP. For each case, the 
approximation can be valid, respectively, up to u ~ 0.24 or ui ~ 1.04 with about 10% errors for the 
3D case. Near the thick-wall limit ui ~ lu + for both potentials, we see cto — cr_ — > 0. The one- 
dimensional values (skyblue-circled dots) always lie on cr_. Note that in the 31? region uj > 0.53 for 
DVP, we can see o"q(cj) < 0(1O 2 ), which implies that the contribution from the nonrenormalisable term 



61 



in Eqs. ( HTHIIOT l, i.e. f3 2 a 4 < £>(1CT 3 ) < 0(1), C(\K\), is negligible compared to other terms in 
Eqs. (14.14llC~8l ). Hence, our analytic solution still holds in the limit uj ~ 0(1) as discussed in Sec l4.2.3l 




FIG. 4.4: The initial value ao(ui) = <j(0) is plotted against uj. In the two panels the black-dashed and orange 
dotted-dashed lines show a±(uj), and these lines become closer for uj = ui- for both types of the potentials DVP 
(left, uj~ = 0) and NDVP (right, u>- = 1). Since ao ~ er+ = ct+(lj_) for D = 2, 3 in the region uj ~ uj~ where 
<r+ ~ 1.28 in NDVP and a+ ~ 1.91 x 10 2 in DVP, our analytical results in Sec 14.2.21 are valid in this region. 

Virialisation and characteristic slope: Fig. 14.51 shows the Q-ball properties plotted against the ratio 
of S jU where S and U are the surface and potential energies (top panels), and the characteristic slope 
Eq/loQ (bottom panels). For the DVP case where the thin-wall Q-ball satisfies <jq ~ <j + it appears to 
be heading towards S jli ~ 1 as uj — > cj_ = [see Eq. ( 12.381 )1, in all three cases. Also we predict that 
the thin-wall Q-ball in NDVP has S jU ~ [see Eq. ( 12.381 )1. and that it is consistent with what can be 
seen in the top right panel around uj = uj- = 1, The bottom panels show analytically and numerically 
the characteristic slopes Eq/ujQ in both the thin and thick- wall limits. The analytic thin-wall lines 
(purple-dotted line for 2D and blue-dotted line for 3D) based on Eq. ( 14.121 ) are well fitted for the NDVP 
case with the corresponding numerical dots (red plus-dots for 2D and green crossed-dots for 3D) as 
long as (To ~ er+, see the criteria in Fig. 14.41 For the DVP case, our numerical data is seen to be heading 
in the right direction. The numerical solutions for both cases in the thick-wall region are well fitted 
by the analytic solution in general D given by the orange-dotted-dashed lines, in the second relation of 
Eq. d4.19t or Eq. flC.121 ). From the virial relation Eq. (12.38b for D = 1, we can only predict the extreme 
values of the ID characteristic slope, 7, in either the DVP or NDVP case once we know what S/li is. 
To obtain that we rely on the numerical simulations and from the top two panels in Fig. 14.51 we see that 
for the DVP case with D = 1,S/U appears to be heading towards unity, implying 7 ^> 1 in Eq. (12.38b . 
whereas for the NDVP case S /U <C 1, implying 7 — > 1 in Eq. (12.38b . Comparing these with the bottom 
two panels we see the behaviour for 7 appears to follow these predictions. 

Q-ball stability: Fig. !4.6l shows plots for both the classical (top panels) and absolute stability (bottom 
panels) with the stability threshold lines (black-dashed) for the cases of DVP (left) and NDVP (right). 
Let us consider the classical stability case first. For the thin-wall regime in DVP, notice that the nu- 
merical data of 7j ^2 (red-dot-circles for 2D and green-dot-crosses for 31?) are heading towards the 
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FIG. 4.5: The top panels show the ratio S jU where <S and U are the surface and potential energies, and the bottom 
panels show the numerically obtained characteristic slope Eq/ujQ, in ID (skyblue circled-dots), 2D (red plus- 
dots) and 3D (green crossed-dots). For comparison, in the bottom panels, the thin-wall analytic lines obtained 
using Eq. J4.12I ) are also shown (purple-dotted line for 2D and blue-dotted line for 3D) as are the thick-wall 
analytic lines obtained from Eqs. ( 14. 1 91 lcTT2l (orange-dotted-dashed for all D). The analytic lines match well with 
the numeric data in the appropriate limits, especially for the NDVP case. 

analytic lines of Eq. (14.13b . For the thick-wall case, on the other hand, the analytical lines of Eq. ( 14.20b 
(orange-dotted-dashed) fit excellently with the numerical data in all dimensions, because Eq. ( 14.20b is 
independent of D. Furthermore, the Q-ball is classically stable over all values of ui except for the ID 
thin-wall case where our analytical work cannot be applied. We saw this feature of unstable ID thin- 
wall Q-balls for the case of polynomial models in the left-top panel of Fig. l3.5l in chapter [3] For the 
absolute stability in the bottom panels, the analytical lines using Eq. ( 14.121 ) and Eqs. d4. 19[|CT2l are 
matched with the numerical dots for both the thin and thick-wall limits. Here, we note how well the 
three-dimensional Q-ball (and also the higher dimensional ones as predicted in chapter [5]) can be de- 
scribed simply by our thin and thick-wall Q-balls. As our parameter set satisfies Eq. ( 14.21b . we can see 
that absolutely stable Q-balls exist in DVP near the thick-wall limit. Because of the choice of cj_ = 1, 
the Q-ball in the NDVP case, however, is always absolutely unstable and most of the features are similar 
in terms of D. The analytical lines (top-right panel) in NDVP agree with the corresponding numerical 
data qualitatively better than the lines for DVP. 

To sum up our discussion of the gravity-mediated model, our analytical estimates of the characteristic 
slope and other properties of the Q-balls are well checked against the corresponding numerical results, 
even though we set a "flatter" potential with \K\ = 0.1 < 0(1). 
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FIG. 4.6: Classical stability for the top panels and absolute stability for the bottom panels for both DVP (left) and 
NDVP (right). The black-dashed lines indicate the stability thresholds for both classical and absolute stability in 
all panels. Q-balls found below the lines are stable either (both) classically or (and) absolutely. In the top panels, 
the analytical lines using Eqs. <4l3ll420l agree well quantitatively with the corresponding numerical data for the 
thick-wall regimes, but not well in the thin-wall regimes. However the numerical plots look qualitatively similar 
to the analytical lines in the thin-wall limit as seen with the polynomial models in the left-top panel of Fig. l3.5l in 
chapter[5] In addition, the analytical lines for Eq/tuQ using Eqs. d4. 12llC~12l l match the numerical lines for both 
the thin and thick- wall limits. 

4.4.2 Gauge-mediated potential 

This subsection presents numerical results showing the properties of gauge-mediated Q-balls with m = 
1, A 2 = 2 in Eq. ( 14.271 1. Although we have obtained analytical results for the potential, Eq. ( 14.26b . the 
potential is neither analytic nor smooth for all a. Therefore, we shall use the approximate potential, 
Eq. ( 14.27b . see Fig. l4.2l and we expect that Eq. ( 14.27b is a suitable approximation especially for the thin- 
wall limit uj and large D. We will also see and explain the expected discrepancies that exist between the 
numerical and analytic results. 



Hybrid profile: As we saw in earlier examples the numerical profiles we have obtained have errors 
for large r, which correspond to either undershooting or overshooting; thus, we replace the numerical 
data in that regime by the exact asymptotic analytic solutions we obtained using the second relation 
of Eq. (14.49b to smoothly continue the numerical solutions to the corresponding analytical ones. The 
hybrid profile in this model is 

i ^numM for r <C Rnum> 

< T ( r ) = \ In iW9 (4.51) 
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where a num is the numerical raw data, R num is determined by + m u + {<j' nu „J 'cr num ) \ < 0.001, 
and we have again set R max = 60. We have calculated the following numerical properties using the 
above hybrid profile, Eq. ( 14.51b . up to D = 3. 

Profile and energy density configuration: Fig. l4.7l shows the three-dimensional numerical slopes 
—a' I a for two values of u> (top), hybrid profiles (left-bottom) as in Eq. ( 14.511 ). and the configurations 
for energy density (right-bottom). In the top panel, the raw numerical data (red-solid and blue-dotted 
lines) is matched smoothly onto the continuous asymptotic profiles Eq. ( 14.511 ) for large r (green-dotted 
and purple-dashed lines). By fixing the numerical raw data using the technique Eq. ( 14.511 ). we show the 
profiles for various values of u> and D, see the left-bottom panel. Also the peaks of the energy density 
cannot be observed in the whole range of u>, see the right-bottom panel. 
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FIG. 4.7: The top panel shows the three-dimensional numerical slopes —a' /a for two values of lj. The raw nu- 
merical data (red-solid and blue-dotted lines) matches smoothly to the corresponding analytical asymptotic profiles 
for large r (green-dotted and purple-dashed lines). Both the left- and right-bottom panels show, respectively, the 
hybrid profiles Eq. J4.5U and the energy density configurations for the various values of uj and D. The spikes of 
energy density configurations do not exist even in the thin- wall limits. 
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Characteristic slope: In Fig. 14.81 we plot both the numeric and analytic characteristic slopes Eq / uiQ 
(orange-dashed line for ID and blue-dotted line for 3D). By substituting Eqs. (14. 371 14381 into Eq. ( 12.10b 
and Eq. ( 14.36b . we have obtained the analytic slopes covering the whole range of to. The 3D analytic 
line agrees with the numerical data except near the thick-wall limit. Similarly, the ID analytic line 
agrees well only in the thin-wall limit. The origin of the discrepancies in the analytic versus numerical 
fits are the differences between the potentials themselves [Eq. ( 14.26b and Eq. ( I4.27H . These differences 
are largest between 1 < a < 3 which in turn affects the region around 0.9 < u < 1.0, see Fig. 14.21 and 
Fig.|H 
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FIG. 4.8: The numeric characteristic slopes Eq/ujQ and the analytic lines (orange-dashed line for ID and blue- 
dotted line for 3D) which are calculated using Eqs. J4.37ll4~38l > in the whole range of uj. The 3D analytic line 
agrees with the numeric data well except near the thick-wall limit. Similarly the ID analytic line agree well only 
in the extreme thin-wall limit. 



Q-ball stability; Fig. 14.91 illustrates the stability of Q-balls: classical stability in the left panel and 
absolute stability in the right panel. The black-dashed lines in both panels indicate their respective 
stability thresholds where Q-balls under the lines are stable. We calculate the analytic lines for D = 
1, 3 by substituting Eqs. (14.37ll4~38l into Eq. ( 14.36b and differentiating it with respect to uj. The 3D 
numerical data can be matched with the analytic lines in both the thin and thick-wall limits. As in 
Eq. (14.45b . the three-dimensional Q-ball in the thick-wall limit is classically unstable. The numerical 
thick-wall Q-ball in ID is classically stable which differs from the prediction in Eq. (14.47b . In the right 
panel, the analytic line for D = 3 agrees with the numerical data except in the thick-wall limit where the 
analytical lines for both ID and 3D do not match the corresponding numerical data. Furthermore, the 
thick-wall Q-ball in ID is absolutely unstable as predicted analytically in Eq. ( 14.48b , but this fact cannot 
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be observed numerically. The reasons for this discrepancy are as before a problem with our choice of 
potentials. We can see that the thin-wall Q-balls for any D are both classically and absolutely stable. 
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FIG. 4.9: The stability of Q-balls - Classical (left panel) and absolute (right panel). The black-dashed lines in the 
two panels indicate the stability thresholds for both classical and absolute stability where Q-balls under the lines 
are classically/absolutely stable. The analytic lines for D = 1, 3 are calculated by substituting Eqs. d4.37ll4~38t 
into Eq. J4,36t and differentiating it with respect to u. 



To recap, our numerical results in the gauge-mediated case are generally well fitted by our analytical es- 
timations. Observed discrepancies between the analytical predictions and numerical data arise from the 
artifact of our approximated smooth potential Eq. ( 14.27b for the generalised gauge-mediated potential 
Eq. (14.26b . We have confirmed that the thin-wall Q-balls for any D are both absolutely and classically 
stable. 



4.5 Conclusion and discussion 

We have explored stationary properties of Q-balls in two kinds of flat potentials, which are the gravity- 
mediated potential, Eq. ( 14.1b . and the generalised gauge-mediated potential, Eq. ( 14.26b . Generally, the 
gauge-mediated potential is extremely flat compared to the gravity one; therefore, we cannot apply our 
thin-wall ansatz Eq. ( 14.8b to the gauge-mediated case. By linearising the gauge-mediated potential, we 
obtained the analytical properties instead. For both potential types, we both analytically and numerically 
examined characteristic slopes as well as the stability of the Q-balls in the thin and thick-wall limits. 
Our main analytical results are summarised in Table 14.11 



This present chapter is of course related to chapter|3] The key differences are that in the present work on 
thin-wall Q-balls we are assuming the value of <t+(uj) for the thin-wall limit co ~ w_ depends weakly 
on u> and we have replaced the assumption (j{Rq) < Q - (to) by the equivalent assumption (made 



by Coleman) U w ~ U w _ in the Q-ball shell region 112511 . These in turn are related to the previous 
requirement that the surface tension r depends weakly on lu, which can be translated into the main 
assumptions: Rq ^> 5, 1/fi, <Jo ~ and ~ U a! _ in the shell region. Furthermore, our analytic 
work agrees well with the numerical results for small curvature fi with \K\ = 0.1; however, it is not 
clear that our analytic framework still holds even in the case of |A'| 0(1), which corresponds to a 
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case where the potential is extremely flat, see Eq. ( 14.71 ). 



Q-balls in gravity-mediated potentials: It is possible to obtain absolutely stable Q-matter with a 
small coupling constant, Eq. ( 14.6b . for the nonrenormalisable term in Eq. ( 14.1b . For \K\ 0(1), a 
gravity-mediated potential cannot be really considered as flat, which allows us to apply our previous 
results, Eqs d3.25H3.29l l, in chapter[3]to describe the thin-wall Q-ball where ctq — 0+. in the thick-wall 
limit by reparameterising parameters in and neglecting the nonrenormalisable term under the condi- 
tions (3 2 < \K\ < 0(1), we have obtained the stationary properties of the Q-ball. We showed that the 
"thick-wall" Q-ball is classically stable, and demonstrated that under certain conditions Eq. (14.21b it can 
be absolutely stable. Although this analysis is much simpler than the analysis associated with imposing a 
Gaussian ansatz developed in appendixO the former analysis assumed that the nonrenormalisable term 
is negligible at the beginning of the analysis. In the latter analysis, we have kept all terms in Eq. ( 14.3b 
and shown that the nonrenormalisable term is indeed negligible in the limit to > 0(m). O ur results , 



Eqs. (14.201 ICT2l , for the thick-wall Q-ball have recovered the previous results obtained in 11147 



158] 



without any contradictions for classical stability conditions as opposed to the case of using a Gaussian 
ansatz in a general polynomial potential in which we showed that the ansatz led to a contradiction and 
corrected it by introducing a physically motivated ansatz in chapter [3] This is because the Gaussian 
ansatz, Eq. ( IC.ll l. becomes the exact solution, Eq. (IB. Il l, in the gravity-mediated potential in the limit 
u) > 0(m) where the nonrenormalisable term is negligible. In Figs. l4.5l and l4.6l the analytical lines 
agree well with the corresponding numerical plots in both the thin-wall and thick-wall limits. Under our 
numerical parameter sets, the Q-balls in DVP are both classically and absolutely stable up to ui < m, 
while all of the Q-balls in NDVP are absolutely unstable because of our choice, uj^ = m. We believe 
that an absolutely stable Q-matter exists in NDVP when we take cj_ < to. Since the Q-balls in both 
potential types are always classically stable, as can be seen in the top two panels of Fig. l4.6l except for 
the case of ID Q-balls in the thin-wall limit to which our analytical work cannot be applied since it 
holds only for D > 2. We have also found the asymptotic profile Eq. ( 14.241 ) for all possible values of w, 
see the top two panels in Fig. 14.31 



Our analytical estimations on the value of ^ -Jjjj do not agree well with the numerical results, because 
°o 7^ Nevertheless the other analytical properties are well fitted especially in NDVP, see bottom 
panels in Figs. l4.5l and l4.6l The DVP in Eq. ( 14.1b for small \K\ is extremely flat as the gauge-mediated 
potential in Eq. (14.26b . where both of the potentials have cj_ ~ 0. Notice that the asymptotic profile 
for the former case has a Gaussian tail, while the latter profile is determined by the usual quadratic 
mass term, see Eqs. (14.241 l4~49l . By assuming that the shell effects are much smaller than the core 
effects in the thin-wall limit, the difference of the tails can be negligible. Indeed, we can see the thin- 
wall numerical lines for both the classical stability and the characteristic slope look qualitatively and 
quantitatively similar to each other, as can be seen in both the top/bottom left panels of Fig. l4.6l and the 
panels of Fig. 14.91 Notice that the spikes of energy density in the gauge-mediated potential cannot be 
seen even though cj_ ~ 0, see Fig. 14.71 
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Furthermore, we know that the potential U grav can be approximated by \rr? M 2 \ K \ a 1 2 \ K \ for s mall 



K\ <C C(l), then the potential in Eq. ( 14.1b looks similar to the confinement model in [105 



10611 . By 



neglecting the nonrenormalisable terms in the thick-wall limit, we can easily obtain the characteristic 
slope, 7 = 2+] jr](D-2) — ^' by following the same technique as in Eq. ( 12.16b , which does not 
depend on u but does depend on D and \K\. It follows that Eq oc Q 1 ^ 1 from Eq. ( 12.181 ). This result is 
obviously worse than our main results in Eqs. (14.19llCT2l . see bottom two panels in Fig. 14.51 because 
we know that the Gaussian ansatz Eq. ( 1C.1I ) can be the exact solution Eq. ( IB. lb for U = U grav ; thus, it 
is not so powerful to approximate U grav by ^m 2 M 2 ' K 'a 2 ~ 2 ' K ' for small \K\. 

Q-balls in gauge-mediated potentials: For the gauge-mediated potential in Eq. ( 14.26b , we obtained 



the full analytic results in D = 1, 3 over the whole range of uj using Eqs. ( 14. 371 14381 . see Fig. 14.8 
and Fig. 14.91 In the "thin- wall" lim it for m^R, uiR ^> 0(1), we reproduced the previously obtained 



results, Eq. ( 14.40b . in J241 1 1 1 oL 112911 and showed that they are both classically and absolutely stable in 
Eqs. (14.401 l4~44l . The one- and three-dimensional "thick-wall" Q-balls, on the other hand, are neither 
classically nor absolutely stable, see either Eqs. (14.471 14~48| | or Eqs. ( 14.451 14~46| |. respectively. Since 
the potential, Eq. ( 14.261 1, is not differentiable everywhere, we have used the approximate potential, 
Eq. ( 14.27b , instead in the numerical section, Sec. 14.41 Figs. l4.8l and |4.9l show that the numerical re- 
sults agree with the analytical results in the thin-wall limit. The numerical data near the "thick-wall" 
limit and/or in the ID case differ from the analytic lines since the profiles are computed in the region 
where the two potentials between Eq. ( 14.271 ) and Eq. ( 14.261 ) are different, see Fig. 14.21 This differences 
come from the artifact of our approximated smooth potential Eq. ( 14.27b against the generalised gauge- 
mediated potential Eq. ( 14.26b . 



The 31? Q-balls: Although we have shown Q-ball results for an arbitrary number of spatial dimen- 



sions D, only three-dimensional cases are phenomenologically interesting. Q-balls in flat potentials give 
the proportional relation Eq oc Q 1 ^ 1 , where 7 generally depends on D. The actual values of I/7 for 
three-dimensional thin-wall Q-balls are |, 1, and | in DVP, NDVP of gravity-mediated potentials and 
in gauge-mediated potentials respectively. It implies that the gauge-mediated Q-balls would be formed 
in the most energetically compact state for a large charge Q, so it is likely that such formed Q-balls 
would have survived any possible decay proc esses and thermal evaporation until the present day, and 



possibly become a dark matter candidate 114611 . 



Dynamics and cosmological applications: The d ynamics of a pair of one-dimensional Q-balls has 



been recently analysed using momentum flux Il59ll . For a large separation between the Q- balls , the 
profiles develop the usual exponential tail, e" 



' , in general polynomial potentials and in 115911 the 
authors showed that there was a solitonic force between them. Profiles in the gravity-mediated models 
and other confinement models, howeve r, have differen t asymptotic tails, which may affect the detailed 



dynamics and the Q-ball formation 148 



113 



160 



161]. 
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In a cosmological setting (thermal background), SUSY Q-balls are generally unstable via evaporation, 
diffusion, dissociation, and/or decay into todays baryons and lightest supersymmetric particles, if the 
AD field couples with the thermal plasma, which are de cay produc ts from inflaton, and/or if the field 



14711 . Following our detailed analytical 



possesses a lepton number for the MSSM flat directions 1111 , 
and numerical analyses of both gravity-mediated and gauge-mediated Q-balls, it is clear that this whole 
area of dynamics and cosmological implications of these Q-balls deserves further analyses. 



Model 


Gravity-mediated potentials 


Q-ball type 


Thin-wall 


Thick-wall 


Conditions 


▲ 


F < \K\ < 0(1) 


Assumptions 


Rq » S, a ~ er + and U w ~ U u _ in shell 


None 


Potential type 


DVPs 


NDVPs 


Both 


l/ 7 

Absolute stability 
Classical stability 


2-D-l 


1 

A 



1 

A 
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Model 


Gauge-mediated potentials 


Q-ball type 


Thin-wall 


Thick-wall 


Conditions 


None 


D = l,3,... 


Assumptions 


i?> l/m u , 1/u) 


None 


Potential type 


NDVPs 


l/ 7 


D 
D+l 


1 


Absolute stability 





X 


Classical stability 





X 



TABLE 4.1: Key analytical results. Recall that the tj-independent characteristic slope 7 = Eq/ujQ leads to the 
proportionality relation Eq oc Q 1 ^ 7 . The symbols, Q)> x > A, indicate that Q-balls are stable, unstable, or can be 
stable with conditions, respectively. The symbol, A, means that we may need the condition \K\ ^ 0(1). Since the 
Gauge-mediated potentials are extremely flat for a large field value, the potentials do not have degenerate vacua. 



70 



Chapter 5 

Affleck-Dine dynamics, Q-ball 
formation and thermalisation 



5.1 Introduction 



The present baryon asymmetry in the Un ivers e is one of the most mysterious problems in cosmology 

HE - 



and particle physics (for a review see IU6LI162I0 . Within the Standard Model (SM), electroweak baryo- 



genesis was suggested as a way to explain the inequality between the baryon and anti-baryon num 



ber, and recent developments have shifted into constructing a theory of reheating the Universe 1163 ] . 
Electroweak baryogenesis satisfies the well-known Sakharov's three conditions required for successful 
baryogenesis 11311 . namely baryon number production, C and CP violation, and the process taking place 
out-of-equilibrium; however, the predicted CP violation in the electroweak baryogenesis is too small to 
explain the present observed baryon number. By satisfying the above three conditions, the Affleck-Dine 
(AD) baryogenesis J14I1 . which was proposed in the theoretical framework beyond the SM, namely, the 
Minimal Supersymmetric Standard Model (MSSM), is a more successful scenario to tackle this puzzle, 
since it may solve problems of gravitino and moduli overproduction and give rise simultaneously to the 
ordinary matter and dark matter in the Universe. The MSSM has many gauge-invariant flat directions 
along which R parity is preserved. The flat directions are lifted by supersymmetry (SUSY) breaking ef- 
fects arising from nonrenormalisable terms, which give a U(l) violation through A-terms. In the original 
scenario of the AD baryogenesis, one can parametrise one of the flat directions in terms of a complex 
scalar field known as an AD field (or AD condensate which consists of a combination of squarks and/or 
sleptons fields). The AD field evolves to a large field expectation value during an inflationary epoch in 
the early Universe. After inflation, the orbit of the AD field can be kicked along the phase direction 
due to the A-terms which generate the U(l) charge (baryon/lepton number), and then the A-terms be- 
come negligible, where the AD field rotates towards the global minimum of the scalar potential. Hence, 
the generated global U(l) charge is fixed and the orbit of the AD field rotates around the origin of the 



complex field-space, cf. the anomaly mediated models 111 6411 . After the AD condensate decays into the 



usual baryons and leptons, AD baryogenesis becomes complete. 

The trajectory of the AD field is identical to the planetary orbits in the well-known Kepler-problem 
as we will show later, replacing the Newtonian potential by an isotropic harmonic oscillator potential 



1 16511 . This coinci denta l clas sical-mechanics reduction was noted for the orbits of a probe brane in the 



branonium system 11166 . 



167H . As general relativity predicted that planetary orbits precess by adding the 
relativistic correction to the Newtonian potential, we will see similar events occur for the orbits of AD 
fields, which are disturbed by quantum and nonrenormalisable effects instead. 



By including quantum corrections ll 1 1 



13511 and/or thermal effects 115111 in the mass term of the stan- 
dard AD scalar potentials, the AD cond ensate is classically unstable against spatial perturbations due to 
the presence of negative pressure |168ll . and fragments to bubble-like objects, eventually evolving into 



transition) 11125 



ure 01681 
1 11711 th 



Q-balls [21 |. Lee po inted out 111 1711 that Q-balls may form due to bubble nucleation (first order phase 



16911 . even in the case that the condensate is classically stable against the linear spatial 



perturbations. 

We explored the complete stability analysis of Q-balls at zero-temperature in polynomial potentials 
in chapter [3] and in MSSM flat potentials in chapter |4] Laine et. al. Jl^j investigated the stability of 
Q-balls in a thermal bath. The stability of the thermal SUSY Q-balls is diff erent from the one of th e 
standard "cold" Q-balls, since they suffer from evaporation 11911 . diffusion II 17011 . dissociation II 14711 . 
and decays into light/massless fermions Il22ll . Therefore, most SUSY Q-balls are general ly no t stable 
but long-lived, and may thermalise the Universe by decaying into baryons on their surface 117111 . which 
could solve the gravitino and moduli over-production problems without fine-tuning. The SUSY Q-balls 
in gravity-mediated (GRV-M) models are quasi-stable decaying into the lightest SUSY particles (LSP 
dark matter), and the fraction of the baryons from the Q-balls may give the present baryon number, 
which can explai n Eq. dl.21 l. namely the similarity of the energy density between the observed baryons 



and dark matter 1 146 , 



14711 . The SUSY Q-balls in gauge-mediated (GAU-M) model s, however, can be 



extremely long-lived so that those Q-balls are candidates for cold dark matter II 14611 and may give the 
present observed baryon-to-photon ratio Eq. ( II. U ifl^j . 

The dynamics and formation of Q-ball s hav e been investigated numerically. With different relative 
phases and initial velocities, the authors II 1 0011 found a charge transfer from one Q-ball to the other and 



interesting ring formation after the collision. It has been found [46] that similar ring-like solutions are 



responsible for the excited states from the ground state (Q-ball) by introducing extra degrees of freedom: 
spatial spins |8^] and twists 1 172 1. The formation of Q -balls after inflation have been investigated in 
both GRV-M models 1 48] and GAU-M models HIlIS], in which SUSY is broken by either gravity or 
gauge interactions. As we will show, the Q-ball formation involves nonequilibrium dynamics, which is 
related to reheating problem in cosmology. 

The reheating process after the inflation period involves nonlinear, out-of-equilibrium, and nonperturba- 
tive phenomena so that it is extremely hard to construct a theory for the whole process, see the 2 particle 
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17611 . In the first stage of reheating 



irreducible effective action as a remarkable approach H1741 1175 
(preheating), it is currently well known that the fluctuations at low momenta are amplified, which leads 
to explosive particle production. After preheating, the subsequ ent st ages towards equilibrium are de- 



scribed by the wave kinetic theory of turbulence; Micha et. al. II 17711 recently estimated the reheating 
time and temperature. These turbulent regimes appear in a large variety of nonequilibrium processes, 
and indeed, the evolution of Q-ball formation experiences the active t urbu l ence at which stage, many 



bubbles collide as observed in the next stage of tachyonic preheating II 178 



17911 . During this bubble- 



collision stage within the reheating scen ario, it is believ ed that gravitational waves may be emitted from 



the stochastic motion of heavy objects 11179 . 



180 



18111 . The problem of gravi tational wave e missions 



182, 



183J, but not 



has been discussed only in the fragmentation stage of Q-ball formation so far 1161 
in the collision stage as opposed to the preheating cases. 

In this chapter, we show analytically and numerically that in GRV-M and GAU-M models the approx- 
imate trajectory of the AD fields is, respectively, either a precessing spiral or shrinking trefoil due to 
quantum, nonrenormalisable, and Hubble expansion effects. Moreover, we explicitly present an expo- 
nential growth of the linear spatial perturbations in both models. By introducing 3 + 1 (and 2 + 1)- 
dimensional lattice simulations, we identify that the evolution in Q-ball formation involves nonequilib- 
rium dynamics, including turbulent stages. Following the pioneering work on the turbulent thermali- 
sation by Micha et. al. II 17711 . we obtain scaling laws for the evolution of variances during the Q-ball 
formation. 

This chapter is divided as follows. We explore both analytically and numerically the dynamics of the 
AD field in Sec. 15.21 In Sec. 15.31 we study the late evolution of the AD fields and the process of Q-ball 
formation, introducing detailed numerical lattice results. Finally, we conclude and discuss our results 
in Sec. 15.41 Three appendices are included. We obtain the equations of motion and their perturbed 
equations for multiple scalar fields in an fixed expanding background in Appendix iDl In Appendix [E] 
we find elliptic forms for the orbits of AD fields. To obtain the condition of closed orbits of the AD 
fields, we prove Bertrand's theorem in Appendix [0 This chapter is based on work published in I51I . 
where the reader should note that we use slightly different notations from the ones introduced in chapters 
2-4. 



5.2 The Affleck-Dine dynamics 

In this section we investigate an equation for the orbit of an AD condensate, which coincides with the 
well-known orbit equation in the centre force problem in classical dynamics, i.e. planetary motions so 
that we sometimes call the AD condensate, "AD planet". For the bound orbits, the effective potential 
should satisfy the condition where the curvature at the minimum of the effective potential should be 
positive. In the presence of the Hubble expansion, the effective potential depends on time; thus, the 
full solution of the orbit equations can be obtained numerically except for the case that the AD field is 
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trapped by a quadratic potential when it can be solved analytically. In appendix[El we obtain the exact 
orbit in this exceptional case when the Hubble expansion is assumed to be small and adiabatic. The 
orbit of the AD planet, or more precisely an eccentricity of the elliptic motion in the complex field- 
space, is determined by the initial charge and energy density. In order to obtain analytic expressions of 
the orbit in more general potential cases in which we are more interested, we restrict ourself to work in 
Minkowski spacetime and on the orbit which should be nearly circular. In this case, we also obtain the 
perturbed orbit equation and necessary conditions for closed orbits where the orbits come back to their 
original positions after some rotations around the minimum of the effective potential. By approximating 
phenomenologically motivated models that appear in the MSSM and using the results in appendix[E] we 
present, in this section, analytic motions of the nearly circular orbits and the pressure of the AD planets. 
Further, we check these analytic results with full numerical solutions. 

Let us consider a motion of AD fields in an expanding universe with scale factor a(t) and Hubble 
parameter H = a/a, where an over-dot denotes the time derivative. We investigate the AD field after 
they start to rotate around the origin of the effective potentials and the value of the U(l) charge pq 
is fixed due to negligible contributions from A-terms. By decomposing the complex (AD) field <j> as 
4>(t) = a(t)e l9 ^\ where a and 9 are real scalar fields, the equations of motion for a(t) and 6(t) (see 
Eqs. (ESE2) in appendixEJ are 

dV+ 

<t + 3H&+—± = 0, (5.1) 
da 

e + me + -&e = o ^ = o, (5.2) 

a dt 

where the conserved comoving charge density is defined by pq = a 3 a 2 6, and the effective potentials 

2 

are V± = V(a) ± ■ Note that we will use V- shortly. From Eq. (ID. 101 ). the energy density ps and 
pressure p are given by 

PE = l& 2 + V+, p=^a 2 -V- (5.3) 



With various values of the charge density pg, Fig. l5.1l shows typical effective potentials V+ in Minkowski 
spacetime where we set a = H = 1. The potentials shown in Fig. 15. ll will be used later. 

Given an initial charge and energy density (or equivalently initial momenta and position), the AD field 
oscillates around the value a cr , which is defined by 



dV+ 
da 



= 0, (5.4) 



where the orbit becomes circular when it starts from there, i.e. <r(0) = a cr , <r(0) = 0. This orbit is 
bounded when the curvature is positive 

d 2 V+ 



w 



da 2 



> 0. (5.5) 



For example, given a power-law potential such that V = X\a l where Ai is a dimensionful coupling 
constant and I is the real power of the homogeneous field a, the condition given by Eq. ( 15.5b implies 
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FIG. 5.1: We show the effective potentials, V+ = V(a) + j%, against a in two types of potentials which we 
call the gravity mediated model (GRV-M Model) on the left and the gauge mediated model (GAU-M Model) on the 
right. The potential in the GRV-M Model has the following form, V(a) = \a 2 (l - \K\ In a 2 ) + bla 6 , where, we 
set \K\ = 0.1 and b\ = ^ ~ 9.20 x 10~ 3 . The potential in the GAU-M Model is V(a) = In (l + a 2 ) + b 2 a 6 , 
where we set b 2 ~ 10~ . We choose the following values of pq: red-solid line for pQ ~ 2.36 x 10 -5 and 
green-dashed line for pq = 1/e ~ 3.68 x 10 _1 in the GRV-M Model and red-solid line for pQ ~ 1.40 x 10 1 and 
green-dashed line for pQ ~ 1.41 x 10 2 in the GAU-M Model. 

that bound orbits exist for I < —2 and < I if Ai > and for —2 < Z < OifAi < 0, where we used 
Eq. ( 15.4b . Another example is the case that a scalar potential is logarithmic, i.e. V = A2 In a where the 
coupling constant A2 is positive. In this case, Eq. (15 ,5b is automatically satisfied. We investigate these 
two cases in more detail in appendix[E] 

( \ 3/2 

Let us rescale the field a(£) as ait) = ( J a(t) where ao is the value of a(t) at an initial time. It 
follows that the equations of motion in Eqs. (15.1115.21 ) are 

da at 

where we defined /dq = a 2 9 = clq 3 pq, and the terms involving H 2 and d/a are negligible under the 
assumption of an adiabatic Hubble expansion, i.e. H 2 < 1, a <C a. 

By introducing a new variable, u(t) = l/a(t), and using the second expression in Eq. ( 15.6b , the first 
expression in Eq. (15.6b becomes the well-known orbit equation in the centre force problem such that 





3^ 


n 4 


( a o) 




" 2aj 







d 2 u _ 1 / a \ 3 dV 



- = J(u,t). (5.7) 



d6 2 pQ \ao J du 

Notice that J(u, t) depends on time caused by the Hubble expansion, whereas the time-dependence in 
J vanishes when the potential V is given by a quadratic mass term, \M 2 a 2 , where M is a mass of the 
AD field, cf>. We also discuss this case in appendix|E] 



5.2.1 Model A and Model B for MSSM flat potentials 

Let us introduce two models that appear in the MSSM in which SUSY is broken due to either gravity or 
gauge interactions, and approximate their models in order to obtain the orbit expressions in Minkowski 
spacetime. The former case in the MSSM, the so-called gravity-mediated (GRV-M) model, has a scalar 
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potential 



V = \m>o 2 (l+K\n^)+ -4=ia n , (5.8) 



Mi 



m n ~ 4 



where m is of order of the SUSY break ing scale, which could be the gravitino mass scale m 3 / 2 evaluated 



at the renormalisation scale M* 113511 . Also, A is a coupling constant for the nonrenormalisable term, 
which is suppressed by a high energy scale, e.g. the Planck scale m p i ~ 10 18 GeV. Here, K is a factor 
from the gaugino-loop correction, whose v alue is typ ically K ~ —[0.01 — 0.1] when the fiat direction 



does not have a large top quark component 111 1 1 



15411 : thus, we concentrate on the case of K < from 



now on. The power n of the nonrenormalisable term depends on the fiat directions. As examples of the 
directions involving squarks, the u c d c d c direction has n = 10, whilst the u c u c d c e e direction is n = 6. 
For \K\ -C O(l), the first two terms in Eq. ( 15.81 ) can be approximated by m M 2 * — cr 2 ~ 2 ' K ', we then 
find that 

M 2 A 2 

V» ~ —a 1 + -^v n for n > I (5.9) 

2 m P i 

which we call 'Model A', where we set M 2 = m 2 M* K ' and M has a mass-dimension, ~ 1, since 

1 = 2 — 2\K\ for | if | <C 0(1). For small values of a, we confirm that the power I is not approximately 

2 — 2 1 K | , so we will find a value of / numerically in that case later. 

In another scenario in which SUSY is broken by gauge interactions, the so-called gauge-mediated 
(GAU-M) model, the scalar potential has the curvature with the electroweak mass at a low energy scale, 
whilst it grows logarithmically at the high energy scale (which means that the potential is nearly fiat 
similar to the case of I = in Eq. d5.9t ). The scalar potential in this scenario is 

V~m%hi(l+(^-\ ) +^ra n , (5.10) 



pi 



where M s is the messenger scale (~ 10 4 GeV) above which the potential grows logarithmically and 
is the same scale as M s . We, thus, set M s = ttia, for later convenience. Then, the scalar potential at 



high energy scales is approximately given by 1 146 ] 



V^m%\n( — ) +^ht<J n - (5.H) 

V 
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In what follows we assume the orbit of the AD condensate is determined by the high energy scale where 
a cr 3> m^, calling this case, Eq. d5.1 11 1, 'Model B'. 

Using the results in Appendix [E] we obtain the following quantities, W, $ and (w) by assuming that 
the dominant contribution in Model A and B is, respectively, either a power-law or logarithmic term, 
each of which corresponds to the first term in Eqs. ( 15.9115. Ill ), respectively. Here, we have defined $ as 
a phase difference when the radial field a goes from the minimum value through the maximum one and 
back to the same minimum point, see Eq. (IE. 301 ): in addition, (w) is given by a value of the equation of 
state averaged over a rotation of the orbit, see Eq. ( IE. 21b . Note that we have defined an averaged value 
for a quasi-periodic quantity X over an one rotation in the orbit, namely (X) = i dtX(t). The 



76 



sub-dominant terms (nonrenormalisable terms) perturb the orbits via infinitesimally small quantities ca 
and €b, where the subscripts correspond to the names of models introduced above. Thus, the main 
contributions are either Eqs. ( lE.31IIE.32l ) or Eqs. ( lE.341IE.35l ). 



5.2.1.1 Model A - Via) = H^o 1 + -\^a r 



By recalling Eq. ( 15.51 ), we obtain the following relation for n > I in Model A in Minkowski spacetime: 

w2 = ,(, + wv-> (1+tAh (512) 

where we have defined a positive parameter, ea = ttttw — „ 2A ,,_4 <r"r' <C 1, which is assumed to be 
infinitesimally small. We also obtain (3 2 ~ (I + 2) ( 1 + ZL rkeA ) > 0, where j3 is defined in Eq. ( 1E.241 ). 



n+2 K 

Substituting (3 into Eqs. (IE.301 IET2TT ). we obtain $ and (w): 
7r / I — n \ 

* = 7TTl( 1 + 5(^)4 &13) 

(W> = (/ + 2)(1 + £ ,1) -7T2( 1 + ^n( n + 2)(Z-2)j- ^ 

From Eq. ( 15.131 ). the orbits for Z = 2 — 2\K\ ~ 2 are nearly closed, but it is perturbed by the nonrenor- 
malisable term involved with €a- The result is that the periapsis appears to precess where the precession 
rate can be obtained from Eq. (15.12b . The denominator of the term involving €a in the second expres- 
sion of Eq. (15 . 1 4b has I — 2 ~ — 2\K | <C O(l), which implies that it would be possible to have the 
non-negligible contribution from the term, even though €a -C O(l). From now on, we restrict ourself 
to regions where this is not the case; therefore, the dominant contributions are the leading orders in 
Eqs. d5~T2l[5~T3l l and Eq. d5~T4l which correspond to Eqs. fiHTI IE~32l and Eq. dB~33l ). From Eq. B1M 



with ea — 0, our results recover the result published in II 1 1 111 - i.e. (w) ~ — 2 ■ 



5.2.1.2 Model B - V(a) = m\ In {ajm^f + -^a n 

m pi 

By introducing another infinitesimally small positive parameter, es = n ^~^^ n -£ r C l,we obtain the 

4> pi 

following relations in Model B in Minkowski spacetime: 



(w) = r > -1. (5.16) 

l + 21n(^) + 1 e B 

Since we are working in the high-energy regime, a cr m$, the pressure of the AD condensate is likely 
to be negative, see Eq. ( 15.161 ). From the second expression of Eq. ( 15.15b for <&, the orbits are not closed 
and it should look like the trefoil, see Eq. ( IE. 341 ). 



4m^ . 7T ( n \ 2ir 



In an expanding universe, the above orbits for Model A and B suffer from the Hubble damping so that 
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the orbits are naively expected to be precessing spiral or shrinking trefoil in the field-space, respectively. 



5.2.2 Numerical results 

In this subsection we present numerical results to check the analytic results, which we found in the 
previous subsection. To do so, we use the full potentials, Eqs. (15. 81 15.1 01 , instead of Eqs. ( 15.91 15. 1 lb . 
and then solve Eq. ( 15.1b numerically in Minkowski spacetime as well as in an expanding universe. We 
adopt the 4th order Runge-Kutta method with various sets of initial conditions, such as pq and e 2 . Since 
our analytical work holds as long as e 2 <C 0(1), we are concerned with the two cases: a nearly circular 
orbit with e 2 = 0.1 and a more elliptic orbit with e 2 = 0.3. First of all, we parametrise Eqs. (15.8115. IQt 

by introducing dimensionless variables: a = a/M#, b 2 = A „ A fl — - = |if|e -1 /4, i = mt, x = mx 

m P i m 

in the GRV-M Model and a = a/M s , b 2 = ^"lu* , i = M s t, x = M s x in the GAU-M Model. 
Since we know that m ~ 10 2 GeV, A/* ~ 10 10 GeV, m p i ~ 10 18 GeV; hence, we can set b 2 ~ 
9.20 x 10~ 3 — 0(1O~ 2 ) in the GRV-M Model, where we choose \K\ = 0.1. Notice that these choices 
are the same as the ones used in chapter 2] 15011 . On the other hand, we know that ~ M s ~ 10 4 
GeV; hence, we can set b 2 ~ 10~ 30 in the GAU-M Model, where we choose A ~ 10~ 2 as used in the 
GRV-M case. Notice that we can obtain the rescaled charge density pq and energy density pe, such that 
pq = mM 2 p Q , p E = m 2 M 2 p E in the GRV-M Model and p Q = M^p Q , p E = Mfp E in the GAU-M 
Model. 

Therefore, our rescaled potentials in GRV-M and GAU-M models for a flat-direction with n = 6 are, 
respectively, 

V = i ( 7 2 (l-2|A'|lna) + fe 2 ( T 6 , (5.17) 

V = In (1 + cr 2 ) +6 2 cr 6 , (5.18) 

where we omit over-rings for simplicity. The variables that appear within the rest of this subsection are 
dimensionless. We can also obtain the ratio defined by an energy density relative to (a mass multiplied 
by a charge density), where the mass corresponds to m or M s in either GRV-M or GAU-M Model, 
respectively. 

In order to obtain appropriate initial values of er(0), tr(0) and 8(0) satisfying the conditions ca, £b 
0(1) and not giving too small charge densities, we shall show that we need to choose only the initial 
values of 0(0) in both GRV-M and GAU-M models. First, by ignoring the nonrenormalisable term 
in Eq. (BTTTl for the GRV-M Model, we obtain a cr = cxp (-^i (^(0) + \K\ - l)) := cr(0) from 
Eq. ( 15.4b . where we set a cr := er(0), which implies that we are setting the initial phase to be 3ir/2. Since 



& has the maximum value at a = a cr , we can set cr(0) := e 2 cr(0) y 9 2 (0) — | K\/2 from Eq. ( IE. 14b . 
which implies that e A - 126 2 ct 4 (0) from the definition. We notice that cr(0) > 0(1) for 0(0) < 0(1); 
hence, it breaks the condition, e A < 0(1)- We can also see that cr(0) < 0(1) for 0(0) > 0(1), 
so the charge density is suppressed exponentially. Therefore, we are concerned with the following 
two cases: 0(0) = V2 and 1.0, which give, respectively, e A ~ 1-20 x 10~ n , pq ~ 2.36 x 10~ 5 
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and ca ~ 1-58 x 10~ 2 , pq ~ 3.68 x 1CT 1 . Similarly, in the GAU-M Model, we choose that a cr = 
\Js^a) ~ 1 := ^(O)'^ ) : = £ 2 ^/l- §0 2 (O)ande B = 126 2 ct 6 (0) from the definition of e B . Here, we 
also set the initial phase is 37r/2 due to a cr := cr(0). With this fact and the approximation, a cr ^> 0(1), 
we need to have 9(0) <C 0(1). In addition, we should have cr(0) < O(10 5 ) due to the condition, 
e B < 0(1). Therefore, we choose 0(0) = V2 x 10" 1 and \/2 x 10~ 2 which gives, respectively, 
e B ~ 1.16 x 10~ 23 , pq ~ 1.40 x 10 1 and e B ~ 1.20 x 10~ 17 , p Q ~ 1.41 x 10 2 . 

Using the above initial conditions, we initiate the numerical simulations with 8 different sets of the 
initial values in the GRV-M Model and the GAU-M Model summarised in Table 15. ll where we call each 
of the parameter-sets 'SET-1, SET-2,..., and SET-8'. In Fig. 15. II we also show, with the various charges 
which we introduced above, the effective potentials V+ for the GRV-M potential given by Eq. ( 15.17b in 
the left panel and for the GAU-M potential given by Eq. ( 15.181 ) in the right panel. After had carried out 
many trial numerical simulations, we found that the best time-step dt is dt — 1.0 x 10~ 4 in the GRV-M 
case and dt = 1.0 x 10 -3 in the GAU-M case. 



SET 


Model 


0(0) 


a(0) 


pq 


e A or e B 


e 2 


Pe/pq 


1 














0.1 


1.46 




2 




V2 


~ 4.09 x 10" 3 


~ 2.36 x 10" 5 


- 1.20 x 10- 


ii 


0.3 


1.51 




3 


GRV-M 












0.1 


1.06 




4 




1.0 


- 6.07 x 10- 1 


- 3.68 x 10- 1 


- 1.58 x 10 


-2 


0.3 


1.09 




5 














0.1 


4.00 x 10" 


l 


6 




V2 x lO" 1 


- 9.95 


~ 1.40 x 10 1 


- 1.16 x 10" 


23 


0.3 


4.03 x 10" 


i 


7 


GAU-M 












0.1 


7.22 x 10- 


2 


8 




V2x 10~ 2 


- 1.00 x 10 2 


- 1.41 x 10 2 


- 1.20 x lO- 


17 


0.3 


7.25 x 10" 


2 



TABLE 5.1: We show 8 different parameter sets in both the GRV-M and GAU-M cases, where we call each of 
the parameter-sets 'SET-1, SET-2,..., and SET-8'. The initial parameters of cr(0) and &(0) can be obtained by the 
values of 0(0). We also set 6(0) = ^ in all cases, and show the values of ea for the GRV-M Model and the 
values of en for the GAU-M Model. By substituting these values and choosing the values of the third eccentricity 
e 2 =0.1 and 0.3, we obtain the dimensionless energy-to-(mass multiplied by charge) ratios, ps/pQ- Note we are 
using the dimensionless quantities. 



5.2.2.1 The orbit of an Affleck-Dine "planet" in Minkowski spacetime 

First, we present numerical results in Minkowski spacetime in order to check our analytical results. We 
then give the ansatze that are motivated by our analytic solutions, in an expanding universe in the next 
sub-subsection. 

The motion of <r 2 (t) In Fig. 15.21 we show the numerical solutions using the GRV-M potential with 
Eq. ( 15.17b (left) and using the GAU-M potential with Eq. (15.18b (right), and compare them with the cor- 
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responding analytic solutions which are given by Eq. dE. 16b . Using the initial values whose parameter 
sets can be seen in Table [B~T1 we plot the numeric and analytic solutions in Fig. 15.21 In the top-left 
panel, the numerical plots (red-plus dots for SET-1 and blue-cross dots for SET-2) have the same am- 
plitudes as the analytical ones (green-dashed line for SET- 1 and purple-dotted-dashed line for SET-2), 
we, however, can see the significant differences for the frequencies of each oscillation. We notice that 
these discrepancies come from the artifact of our choice with I = 2 — 2\K \ in Eq. d5.9l l, since the choice 
is not appropriate for a < 0(1), recalling cr(0) ~ 4.09 x 10~ 3 in SET-1 and SET-2. Shortly, we will 
obtain numerically this power I, and show that the semi-analytic solutions we obtained match with the 
numerical ones. With SET-3 and SET-4, we can see that <r(0) is not so small as opposed to the previous 
cases, i.e. <r(0) ~ 6.07 x 10 _1 ; thus, in the left-bottom panel of Fig. l5.2l we can see a nice agreement 
between the numerical plots (red-plus dots for SET-3 and blue-cross dots for SET-4) and the analytic 
plots (skyblue-dotted-dashed line for SET-3 and black-dotted line for SET-4). 

Similarly, we show the numerical and analytic plots for the GAU-M potential in the right-panels of 
Fig- E2 using the parameter-sets: for SET-5 and SET-6 in the right-top panel and for SET-7 and SET- 
8 in the right-bottom panel. By changing the values of the third eccentricity e 2 (see TABLE 15. It . 
the numerical plots deviate slightly from our analytic lines in the right-top and right-bottom panels of 
Fig. l5.2l as we can expect; in particular, we can see that our analytic values of both the frequencies and 
amplitudes of a 2 (t) are larger than the numerical ones, and this difference can be significantly reduced 
when the orbits of the AD planets is nearly circular with e 2 = 0.1. 

As we have seen in the left-top panel of Fig. 15.21 our analytic value, I = 1.8, in Eq. ( 15.91 ) are not good 
enough to reproduce the numerical solutions since a(i) <C 0(1). Therefore, we set a trial function, 
f(a) = \<r a + b 2 a 6 , where a numerical value a is found by using the 'fit' command in the numerical 
software called 'gnuplot'. We find that a = 1.86002 := I is the best value of a, where we fitted this trial 
function /(<x) onto the numerical full potential in Eq. ( 15.17b for the range of a G [1.0 x 10~ 2 — 1.0 x 
10 -3 ], recalling er(0) ~ 4.09 x 10~ 3 in SET-1 and SET-2. Using this value of a as the value of I instead 
of I = 1.8, we plot the semi-analytic evolution for a 2 {t) in Fig . 15 . 3 1 ( green-dashed line for SET-1 and 
purple-dotted-dashed line for SET-2) against the corresponding numerical plots (red-plus dots for SET- 1 
and blue-cross dots for SET-2). Now, our semi-analytic solutions match with the numerical solutions. 

The average values of w(t) Using Eqs. ( 15.141[5~T6l . we show both numerical values (w num ) and 
(semi-)analytical values (w ana ) of the averaged equation of state in Table 15.21 For all cases, the AD 
condensate has a negative pressure and one can say that the numerical values are of the same order as 
analytic values. 

The values of $ In TABLE 15.31 we show the numerical and (semi-)analytic values of $ in both the 
GRV-M Model and GAU-M Model, which are analytically obtained in Sec. 15.2.11 Our analytical values 
agree well with the numerical values. These values suggest that the orbits in the GRV-M Model and 
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FIG. 5.2: Using the parameter sets summarised in Table |5~T1 we plot the numerical evolution for cr 2 (i) in both 
the GRV-M Model (left) and the GAU-M Model (right). In all the panels except the case for the left- top panel, 
the numerical plots (red-plus dots and blue-cross dots) agree well with the corresponding analytic lines, which are 
obtained from Sec. 15.2.11 The disagreements between the numerical and analytic plots in the left-top panel come 
from the artifact that the analytical estimated value, I — 1.8, in Eq. j5.9\ . 
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FIG. 5.3: Substituting the numerical value, I — 1.86002, into Eq. l |5.9l >, we plot the semi-analytic evolution for 
<J 2 (t). The semi-analytic solutions agree with the numerical solutions. 

GAU-M Model are nearly either elliptic or trefoil, respectively. 
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(in) 
\ w / 


the GRV-M Model v.s. Model A 




SET-1 SET-2 


SET-3 


SET-4 


1 \ 

y^num / 


-2.42 x 1CT 2 


-4.47 x 1(T 2 


-4.45 x 10~ 2 


(Wana) 


-3.63 x 10" 2 


-5.00 x 1Q-' A 




(w) 


the GAU-M Model v.s. Model B 




SET-5 


SET-6 


SET-7 SET-8 




-6.43 x 1CT 1 


-6.45 x 10" 1 


-8.00 x 10- 1 


(w ana ) 


-6.43 x 1CT 1 


-8.04 x 10" 1 



TABLE 5.2: Using Eqs. J5.14|[5~16l l. we show the both numerical values {w nU m) and analytical values {w ana } 
for the averaged equations of state. The values of {w an a} in SET-1 and SET-2 are semi-analytically obtained by 
substituting I = 1.86002 into Eq. l !5.9b . For all cases, the AD condensate has a negative pressure, and these analytic 
estimates are reasonable against the numerical values. 





the GRV-M Model v.s. Model A 


the GAU-M Model v.s. Model B 




SET-1 


SET-2 


SET-3 


SET-4 


SET-5 


SET-6 


SET-7 


SET-8 


^nurn 


1.591 


1.590 


1.605 


1.604 


2.210 


2.206 


2.221 


2.217 




1.612 (analytic) or 1.599 (semi-analytic) 


1.605 


2.221 


2.221 



TABLE 5.3: We show the numerical and (semi-)analytic values of $ in both the GRV-M Model and GAU-M 
Model, which are analytically obtained in Section [5.2. II 

5.2.2.2 The orbit of an Affleck-Dine "planet" in an expanding universe 



We carry out our numerical simulation in an expanding universe when the inflaton field, which is trapped 
by a quadratic potential, starts to coherently oscillate around the vacuum during the reheating era. Then 
the evolution of the Hubble expansion, H(t), and scale factor, a(t), follows as ordinary nonrelativistic 
(zero-pressure) matter, see Eq. ( IE. 33b . For I = 2, we find H = „, 2 , and a(t) = ag 



/ \ 2 / 3 
I ^ 1 , where 



3(*+to) "VV - "U ^ to 

ao is given by the value of a(t) at t = and we set ao = 0.1. We also set the initial time as to = 4 x 10 2 
for the GRV-M Model and t = 4 x 10 4 for the GAU-M Model. Notice that with this choice of t our 
simulation starts from the same physical time because we rescaled the time by either m ~ 10 2 GeV or 
M s ~ 10 4 GeV, respectively. We again solve the equation of motion, Eq. (15.1b , numerically using the 
4th order Runge-Kutta method and compare them with following ansatze we will introduce. In order to 
see the significant effects from Hubble expansion, we use SET-3 in the GRV-M Model and SET-7 in the 
GAU-M Model as the initial parameters. 

In an expanding spacetime, one can guess that our analytical results in Minkowski spacetime should be 
changed. In particular, the amplitude of <j(i) may decrease due to the Hubble damping as we saw in the 
quadratic case in appendix lE.il and similarly the frequency W in Eq. (15 - 5b should be changed. Hence, 
the orbit of the AD pl anet can be a precessing spiral or shrinking trefoil in either GRV-M or GAU-M 
Model as one can see 1 18411 . Let us give an ansatz for <J 2 (t), 

Oil / / / 4_ \ OL2 

o\t)= ' 



to 

t + t 



a 2 1 + e 2 cos | W ■ 



to 
t + t 



3tt 

t + Y 



(5.19) 



Here, we use the Minkowskian values of a and W, and will obtain the possible values of ai t 2 in both 

/ ^2/3 

models. FromEqs. ( 15.41 15.5b by ignoring the nonrenormalisable term and recalling a(t) = ao I 



V *0 



we can find the following proportionality relations: a cr {t) oc (t + t ) 4 /('+ 2 ) ~ (t + t ) 2 ^ 2 l A D 
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and W(t) oc (t + hy^+i 1 ~ (f + t )^&\ in Model A, where we used 1 = 2- 2\K\. In Model B, 
we obtain a cr oc (t + to)~ 2 and Wit) oc (i + to) 2 - Therefore, we set a.\ = 2 - \ K \ ' a2 = ~%|Trp 
in Model A, and ai =4, a2 = —2 in Model B. We believe that our ansatze are valid as long as the 
nonrenormalisable term does not play a role, and the frequency of the coherent rotation, 0(W(t)), is 
rapid compared to the Hubble expansion rate, O(H). The latter restriction implies that the rotation time 
scale is much shorter than the time scale of the Hubble expansion, i.e. W^ 1 ^) ^> H^ 1 1 1 8511 . 



The motion of a 2 (t) In Fig. 15.41 we plot the evolution of a 2 it) with the numerical data (red-plus dots) 
for the GRV-M Model (left) and for the GAU-M Model (right) and with the analytic data (green-dotted 
lines) using our ansatze Eq. ( 15.191 l. The readers should compare the Minkowskian cases of SET-3 (left 
bottom panel) and SET-7 (right bottom panel) in Fig. l5.2l with the corresponding expanding background 
cases. For both potential cases, the amplitudes of <J 2 {t) decrease in time as we expected, and our 
analytic plots excellently agree with the corresponding numerical results. In the left panel of Fig. 15.41 
the difference between the analytic line and the numeric plots arises in the late time. We believe that 
this comes from the artifact of the approximation on I = 2 — 2\K\ in the GRV-M Model, Eq. ( 15.17b . 
since the values of a 2 it) decrease to the region where the above approximation does not hold, i.e. for 
cr <C 0(1) as we saw in the left-top panel of Fig. [5~2l 
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FIG. 5.4: We plot the evolution of a 2 (t) with the numerical data (red-plus dots) for the GRV-M Model (left) and 
for the GAU-M Model (right) and with the analytic data (green-dotted lines) by using our ansatze introduced in 
Eq. ( T5~T9b . 



The motion of the equation of state: w(t) = p(t)/pE In Fig. 15.51 we plot the numerical values of 
the equation of state, which is given by w(t) = pit) / pe, where p(t) and pe in Eq. J5.3b are the pressure 
and energy density of the AD condensate. The averaged pressure over the rotations seems to be negative 
in the GRV-M Model, see the left panel; whereas, the pressure in the GAU-M Model is always negative, 
see the right panel. The frequencies of the rotation for wit) in both cases are, respectively, similar as 
the corresponding frequencies of <J 2 it), see Fig. 15.41 however, the phases are different from the phases 
of u it) approximately by tt. 
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FIG. 5.5: Using the initial conditions with SET-3 (right-panel) and SET-7 (left-panel) in Table [5T1 we plot the 
numerical values of the equation of state which are given by w(t) = p(t) / pE, where p(t) and pe are the pressure 
and energy density of the AD condensate. 



In summary, we have analytically obtained the nearly circular orbits for both the GRV-M Model and 
the GAU-M Model in Eqs. ( |5~T71 l5~18l i approximated by Model A and Model B in Eqs. (|5~9l r5TTTb . We 
then checked that the semi-analytic results in Eqs. (15. 12ll5~T3l > and Eqs. (15.15l[5T6l l and our ansatze 
in Eq. ( 15.19b agree well with the corresponding numerical results obtained by solving Eqs. (15.lllE.12l 
numerically. In the rest of this chapter, we investigate the late evolution for the AD condensates once 
the sp atial perturbations generated by quantum fluctuations or thermal noise from the early oscillation 



IU51I1 become non-negligible due to the negative pressure presented in Table 15. 21 and Fig 



5.3 Q-ball formation and thermalisation in Minkowski spacetime 

In this section we analyse the late evolution of the AD condensates in both the GRV-M and GAU-M 
models, in which we find that the spatial perturbations are amplified exponentially due to the presence 
of the negative pressure, and the presence of negative pressure supports the existence of nontopological 
solitons, i.e. Q-balls. As a process of reheating the Universe, the dynamics of the Q-ball formation 
is a nonequilibrium, nonperturbative, and nonlinear process, and it includes three distinct stages: pre- 
thermalisation (linear perturbation), driven turbulence (bubble collisions), and thermalisation towards 
thermal equilibrium. As opposed to the reheating process, we find that the driven turbulence stage 
lasts longer and the subsequent thermalisation process is different, which is caused by the presence of 
nontopological soliton solutions. During the turbulent stages, we find scaling laws for the variances of 
fields and for the spectra of the charge density. In addition, we adopt numerical lattice simulations to 
solve classical equations of motion in Minkowski spacetime, where our numerical code is developed 



from LATfield 



are available yl). 



186[], and we present the detailed nonlinear and nonequilibrium dynamics (some videos 
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5.3.1 Linear evolution - Pre-thermalisation 



The late evolution, after the AD condensate forms, depends on the properties of the models. In the 
standard AD baryogenesis scenario J14I . the condensate governed by the quadratic potential, Eq. ( IE. U . 
decays into thermal plasma that may provide our present baryons/leptons in the Universe. By including 
quantum and/or thermal corrections in the mass term as in Eqs. (15. 81 15.1 Pi . the subsequent evolution 
may be different from the standard AD scenario since the AD condensate has a negative pressure. The 
negative pressure, which causes the attractive force among particles in the condensate, amplifies the 
linear spatial fluctuations exponentially. We see this exponential growth for the linear perturbations 
in nearly circular orbit cases with the growth rate S m , and obtain the most amplified wave-number 
k m , which give a rough estimate on the nonlinear time tML and the radii of bubbles created just after 
the system enters into a nonlinear regime. As long as the perturbations are much smaller than the 
background field values, we call this initial linear perturbation stage, ' ' pre-thermalisatiorC . 



5.3.1.1 Arbitrary and circular orbits 

Let us consider the linear spatial instability for an AD condensate in Minkowski spacetime. First, we 
perturb the AD field <f> with the linear fluctuations, Sa and 50. Equations of motion for 6a and 68 are 
given by Eqs. (|D~TT1 |P~T2l , 

6a - (V 2 + 2 - V") 6a - 2a060 = 0, (5.20) 

50 + —50 - V 2 50 + ( a6a - a So) = 0. (5.21) 
a a 1 V / 

Let us rescale Sa and 50 in the following form 

5a ~ 5a e s( - t)+tk - x , 60 ~ S0 o e s{t)+tk - x . (5.22) 

Notice that both of the exponents S(t) should be the same in each expression for 5a and 60 in terms of 
a function of the wave number k, because we are concerned only with linear perturbations. Substituting 
Eq. (I5T221 into Eqs. d5720l |5T2TT >. we obtain 



S + S 2 + k 2 -0 2 + V" -20S \ ( Sa 

20(s-i) S 2 + ^+k 2 



0, (5.23) 



where V" = 4-r and we ignore the terms S, assuming that the linear evolution is adiabatic, i.e. S 2 ^ S 
(WKB approximation). Notice that this assumption is violated only at the beginning of this linear 
evolution as we will see in the numerical subsection, Sec. 15.3.31 The nontrivial solution for S can be 
obtained by taking the determinant of the matrix in Eq. ( 15.23b , namely 

>2\ _ 64 , 2cr c-3 1 /ol,2 1 Q/i2 , t/"\ c-2 



F(S(k),k 2 ) = S A + — S A + (2k 2 + 30 2 + V" )S 



a 



2a 



^ (k 2 - 30 2 + y") S + k 2 (k 2 - 2 + V") = 0. (5.24) 
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Notice that the terms involving a vanish if the orbit of the AD field is exactly circular. By looking for 

OF I 



the most amplified mode fc 2 ^, which is defined by Jp- 1 2 =0 from Eq. ( 15.24b . it implies that 



*£» = ^ J -s(s+-\ >0, (5.25) 



2 V a 

where the inequality comes from the reality condition for k m . By considering this mode in Eq. ( 15.25b 
and by solving F(S(k), k^) = in Eq. (15.24b . the solution of the quadratic equation for S m = S{k = 

k m ) is 

I (b9 2 - V'^j ± 26^1 (e 2 - V»y + 2 (|) 2 (?>9 2 - y) 

S m = 1—. — o\ ; (5.26) 

2 (4* -(f) 2 ) 

in which we are interested in the growing mode, i.e. Re(S m ) > 0. Substituting Eq. ( 15.26b into 
Eq. (15.25b . we may obtain the most amplified mode. Although it is rather hard to analytically solve 
Eq. (15.24b . we know that only one instability band exists for exactly circular orbits where a = 0; 

< k 2 < 9 2 - V"(a), (5.27) 

where 9 and a = a cr are time-independent due to the circular orbits. 

In addition, we can estimate a possible nonlinear time t^L when the spatial averaged variance, Var(cr), 
becomes comparable to the corresponding homogeneous mode a. Here, we have defined Var(er) = 
(cr(x, t) — cf) 2 , and a hat and a ba r denote a n original field and a spatial average of the field, respectively. 



Notice that the nonlinear time in 11147 



18711 is defined by the time when the linear fluctuation 5a for the 
most amplified mode becomes comparable to the homogeneous-mode; however, our definition is better 
as we will see in the numerical subsection, Sec. 15.3.31 The nonlinear time with our definition can be 
given by 



N L 



Var(a) ~ Sa 2 exp \2N(S)tJ ~ Sa 2 exp ( 
(5 m ) ln (^o, 



^ t NL - U + ~r~~~\- In (p- ) ■ (5-29) 



Here, we have approximated that ^Sy ~ (S m ) and that the orbits over N rotations with the period r, 
Eq. dE. 17b , can be expressed by the integral form as shown in Eq. ( 15.281 ). As we assumed, the spatially 
averaged variance of this field is not fully developed over all modes except k = k m until t <~ t*, where 
i* is a typical time scale when the variance starts to grow with the growth rate ^5 

Our main interest in this pre-thermalisation stage is the evolution of the number of particles in terms 
of modes, so that we consider pq as the particle number here. For a free field theory, both of the 
positive and negative charged particle occupation numbers develop equally. The present case, however, 
gives different consequences due to the presences of nonlinear interactions and the initial inequality of 
a charge density (baryon asymmetry). Without loss of generality, we can focus on the case where the 
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positive charge is initially present. Since the charge density is given by pq — a 2 9, we can approximately 
obtain the evolution in the linear regime using Eqs. (15. 1115. 2b . 



p Q ~a 2 {t)V 2 89. (5.30) 

Hence, the charge density evolves due to the linear fluctuation of the phase field. Let rit{t) be the 
amplitude of Fourier-transformed positive and negative charge density, n (x, t), which are defined 
through the following decomposition, pq = n + (x, t) — n~(x, i). Notice that the Fourier transformed 
functions, rit, are related to, but are potentially different from the corresponding quantum mechanical 
expressions, = a\a kl h k = b\b k and Q = J d 3 xp Q = J /At/a (n£ — Here, are 

occupation numbers for positive and negative charged particles in a free field theory, and a k , at, b k and 
b, are the annihilation/creation operators for both of the particles, respectively. Since we are interested 
in the growing mode for the positive charge density n/. (t) in Eq. (15.30b which is initially zero except 
the zero-momentum mode, it implies that using Eq. (15.221 i 

rt 



n+(t) ~ k 2 \S9 Q \ dto 2 (t)e^ (fe) ) f 



k 2 \Se \a 2 cr e . oc e( s ) ft-*"), (5.31) 
5 N 



where to is found numerically and we assumed <J 2 (t) ~ a 2 r , going from the first line to the second 

one. Therefore, the evolution of the positive charged particle number for a mode k is proportional to 

e (S(k)}(t-t )_ 



173 



18811 . in 



Summarising our results, Eqs. (15.25ll5T26l i are generalisations of the known results ll lq 
which the orbit of the AD field was assumed to be exactly circular. We also obtained the nonlinear time 
tpjL in Eq. ( 15.29b and the exponential growth of the particle number in Eq. ( 15.31b . 



5.3.1.2 Nearly circular orbits in Model A and B 

Using the results obtained in the previous subsection, we can compute the most amplified mode (k^) 
and the growing mode (^S m ^ averaged over one rotation of the nearly circular orbits for the models 
introduced in Section l5.2.1l i.e. Model A and Model B. We shall confirm that these values are the same 
as the cases when the orbits are exactly circular, which implies that the instability band, Eq. (15.27b . 
could exist even for the present nearly circular orbit cases. 



Model A: Substituting the expressions, a/a, 9 2 and V" cf. Eqs. ( 1E.161IE.181 ) and Eq. ( 15.12b ). into 
Eq. ( 15.26b . we obtain the averaged growing factor and the most amplified mode for Model A where 
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M 2 > 0: 

where we substituted Eq. ( 15 .32b into Eq. ( 15.251 1 to obtain (k^ n ) and these results are consistent with the 
case for the exactly circular orbit. In order to satisfy (k^ n ) > 0, we should have I < —6, < I < 2, 
and Eq. ( 15.321 ) implies that the condensate is unstable against spatial fluctuations when the pressure is 
negative with < I < 2, see Eq. dE.32b . 



We can recover the results UIM that ls m ) - (l + lJ r) and (k^) ~ m 2 \K\ (l - If j] by 

setting 1 = 2 — 2\K\ in Eqs. (I5.32|[5T33T > and ignoring the nonrenormalisable term as done in ll 1611 . 
Le , /s m ) ~Mfi_H) ,-1*1 and ( k ^) ~ | A1M 2 (l-m) a -*\*\ m These are of the same 



order as their results, recalling that cr cr 2 ' K ' ~ O(l) due to \K\ <C 0(1). 



Model B: Similarly, we can also obtain the averaged growing factor and the most amplified mode for 
Model B from Eq. dBTBl 



1 A /, 2\.H/, 2(n-3) 



V2a cr V n + 2 ' ^ m/ " 2^ V 3(n + 2) 



which to leading order reproduces the results 0173I1 . where the AD orbit was assumed to be exactly 



. ( k ») - 1 - ^f^B (5.34) 



circular and the nonrenormalisable term was ignored. 

Before we finish this s ubsection, let us remark upon the classical and absolute stability of AD conden- 



sates. Lee found 111 1711 the dispersion relation for the waves of linear fluctuations from Eq. ( 15.24b when 
the orbits of the AD field are bounded. In the longwave-length limit, there exists one massive and one 
massless mode. The massless mode can be interpreted as the sound wave whose sound speed should be 
real for the classical stability reason, and the squared value of the sound speed is related to the value of 
(w) in Eq. ( IE.2U . Therefore, this stability condition for the sound waves corresponds to the sign of the 
pressure in the AD condensate. In other words, the AD condensate has a negative pressure if the sound 
speed is imaginary; equivalently, it is classically unstable against spatial fluctuations. The zero-pressure 
AD condensate whose energy density is minimised with respect to any degrees of freedom is equivalent 



to the Q-matter phase as Coleman discussed in 112 ill , where the absolutely stable Q-matter can be excited 
by classically stable sound waves. 

5.3.2 Non-linear evolution and nonequilibrium dynamics 
5.3.2.1 Driven (Stationary) and free turbulence 

Even when the perturbations are fully developed to support the nonlinear solutions, the system is still far 
from thermal equilibrium. Indeed, the system enters into more stochastic stages, 'turbulence regimes', 
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where the strength of the turbulent behaviour depends on the "Reynolds" number 111 8911 . As a theory of 
reheating of the Universe, a general nonequilibrium system goes through two different turbulence stages, 
going from driven turbulence to free turbulence. A majo r energy transfer from the zero mode takes place 
during driven turbulence. Garcia-Bellido et. al. 1 13 ill observed that bubbles form and collide during 
this stage in tachyonic preh eating, and they proposed that the bubble collisions can be an active source 
of gravitational waves 119011 . In the usual reheating scenarios, this stage terminates when the energy left 
out in the zero-mode becomes smaller than the energy stored in other modes (created particles). Since 
the energy exchange between zero-mode and other modes becomes negligible, the particle distribution 
is self-similar in time (free turbulence) and evolves towards thermal equilibrium. In the free turbulence 
stage, the quantum effects change the late time evolution significantly, and the created particles are 
distributed following Bose-Einstein statistics rather than in a classical manner. As long as an active 
and stable energy source exists in momentum space, we expect that the driven turbulence stage lasts 
for a long time. In the case of Q-ball formation, we expect that this active energy source corresponds 
to the excited states of Q-balls; hence, the driven turbulence stage may last longer compared to the 
linear perturbation regime as opposed to the usual reheating Universe scenarios. Note that d uring this 
thermalisation stage the transition from the classical to quantum regime becomes important 117711 : in 
the rest of this chapter we concentrate on the case where the system is governed by classical evolution 
all the time. 



In turbulent stages, the scaling law can be found 117711 : 



Var(cr) oc t p ', (5.35) 

where the power p depends on the parameters of the models, e.g. the relativistic values of p are p = 
„ 1 i in the driven turbulence regime and p = — „ 2 = in the free turbulence regime. Here, m is 

2m — 1 & r 2m— 1 & ' 

the number with which particles mainly interact. For the free turbulence regime, the particle number 
distribution follows a scaling law from the time t f ree when the free turbulence turns on, namely 

n k {t) = r^^n k „{t = tf ree ), (5.36) 

where fc* = kt~ 2m - 1 . 



5.3.2.2 Thermal equilibrium state in the presence of nontopological solitons 

In this sub-subsection, we show that the condition of the negative pressure is the same as the existence 
condition of Q-balls, Eq. ( 12.241 i. This does not always mean that the spatially unstable condensate 
evolves towards Q-balls; with given initial conditions, the condensate may evolve into other thermo- 
dynamically favoured states in which the free energy is minimised. 

The ansatz of non-thermal Q-balls claims that 6, which corresponds to the "chemical potential" u, is 
constant, and that the radial field a should be time-independent and depend on the radius r of the Q-ball, 
i.e. cj) = a(r)e lut in Eq. ( 12.121 ). Hence, the existence condition of Q-balls at zero-temperature is 



, 2V\ 2 d 2 V 
mm — < or < 



a 2 J ~ da 2 



(5.37) 

<T=0 



This condition implies that the potential should grow less quickly than a quadratic term; thus, it is equiv- 
alent to the fact that the AD condensate has a negative pressure for I < 2 in Eq. ( 15.91 ), see Eq. ( IE. 32b . 
Notice that this condition only tells us that Q-balls may appear after an unstable AD condensate frag- 
ments. The evolution to the thermal equilibrium state is rather hard to compute analytically, and it is 
related to stability problems of the Q-balls J19H50I1 . Therefore, we conduct numerical lattice simulations 
that give the entire processes of nonlinear as well as out-of-equilibrium evolution. 



5.3.3 Numerical results 

In this subsection, we present detailed numerical results from lattice simulations for both GRV-M and 
GAU-M models with the parameter sets, SET-3 and SET-7 shown in Table 15. U we then check our 
analytical results obtained in the previous sections. In order to solve the second-order partial differential 
equations, — V 2 0+^rjj = 0, with the potentials introduced in Eqs. ( 15.171l5T8l l. we use the following 
appropriate parameters: dx = 0.2, dt = 0.02 in the GRV-M Models and dx = 5.0, dt = 0.2 in the 
GAU-M Model, which minimise the numerical errors. Here, dx is the fundamental lattice space and dt 
is the time step. Note that the variables in this subsection are normalized by appropriate energy scales 
as in Sec. 15.2.21 We then conduct 3 + 1 (and 2 + l)-dimensional lattice simulations with 512 3 (and 
512 2 ) lattice units, imposing a periodic boundary condition. Our initial conditions are, <f>o = <f>o + 54>o 
and 0o = 4>o + S(f>Q, where the initial fluctuations, 6(f>o and Scj>o, are of a Gaussian noise, which are 
responsible for "quantum" fluctuations. Their fluctuations, 5<fio and S(j>o, are of order 10~ 5 in GRV-M 
case and of order 10~ 3 in GAU-M case. In order to visualise these detailed evolution, we use a 3D 



software, 'VAPOR' 119111 . and some videos of our numerical results are available in yj] 



5.3.3.1 Pre-thermalisation 

The initial evolution -Non-adiabaticity: In the top two panels of Fig. 15.61 we plot the amplitude of 
nf(t), where we took the average of nt(t) over the axes of k. We show the amplitudes of rit(t) for 
the GRV-M Model in the left panel and for the GAU-M Model in the right panel at two different time 
steps. In the panels, we indicate the analytical values of the most amplified modes k m obtained from 
Eqs. ( 15.33115.341 ) with black-dashed vertical lines. In the GRV-M Model, the amplitude with t = 30 
(green-dashed line) is a little noisy to see the first peak k\ in terms of k. Our analytical estimate, 
k m ~ 2.88 x 10 _1 , is located at a more infrared region than the point k = k% ~ 3.40 x 10 _1 , and 
the periodic structure can be seen in the higher-momentum space. In the GAU-M Model, on the other 
hand, we can confirm that our analytical value, k = k m ~ 1.22 x 10 -2 , agrees with the numerical 
value, ki ~ 1.70 x 10 -2 , in the green-dashed line; however, the analytical value appears in a slightly 
more infrar ed reg ion. We also observe the periodic structure in the higher-momentum modes as was 



reported in 117311 . In the middle panels (GRV-M Model on left and the GAU-M Model on right), we 
compare both the zero-mode, a 2 (red-solid lines), and the homogeneous field, a 2 (green-plus dots), 



shown in the bottom panels of Fig. 15.21 The middle panels in both cases show that the zero-mode does 
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not decay quickly, and it oscillates around a 2 = a 2 r . We can also check that our numerical parameters 
are appropriate, minimising numerical errors. In the bottom panels of Fig. 15.61 we plot the evolution 
of nk{t) for the modes both k m (red-solid lines) and fci (green-dashed lines). In the left bottom panel, 
we can see the exponential growth of the amplitude in the GRV-M Model for both modes, and step- 
like particle production exists at the beginning of the evolution as broad resonant preheating 1 16311 (cf. 
Eq. (15.30l l). and it begins to create the particles exponentially afterwards. The particles are produced 
quickly when the zero-mode a 2 (t) increases in time at the beginning, see the middle panels. This is the 
different feature of the evolution compared to the case of resonant preheating, where particle production 
for the broad resonance occurs nonadiabatically when the zero mode (inflaton field) crosses the zero 
axis. In the right bottom panel, we can see more clearly the step-like particle creations for both modes, 
and then this step-like evolution smooths out, which leads to the exponential particle production as in 
the GRV-M case. We believe that the adiabatic condition, S <C S 2 , is "softly" violated only in this 
initial stage since we can not see the clear exponential growth at the beginning of this evolution. In the 
next paragraph, we discuss the late linear evolution when this nonadiabatic evolution ceases, and show 
that our analytical results agree much better with our numerical ones more nicely. 



Up to the nonlinear time: In Fig. 15.71 we show the evolution of the various physical quantities in the 
late stage of linear perturbations: nt, a 2 and Var(cr). The top panels plot the amplitude of nt with 
various times in both the GRV-M Model (left) and the GAU-M Model (right). Notice that we plot them 
against the logarithmic scale of k as opposed to the linear scale shown in the top panels of Fig. 15.61 For 
all time steps shown there, our analytical values of k m (in black-dashed vertical lines) agree well with 
the first peak mode ki, at which the amplitudes are most amplified. Notice that the zero-momentum 
mode does not decay in both cases. After the first peak of the amplitude is well developed, the second 
peak appears in the spectra, and later the third peak can be barely observed. Roughly speaking, the 
n th peaks appear around the values which are k m multiplied by n. These higher peaks are suppressed 
by rescattering processes in which a particle from the first pe ak tra nsfers some of its momentum to 



a particle from the zero-momentum modes (AD condensates) II 1 9211 . Later, all modes of the particle 
spectra, n^, develop quickly, but the first peak is still visible. The middle panels illustrate the evolution 
of a zero-mode field a 2 and the variance of the field Var(er) up to the nonlinear time t = t^L- As 
we saw in the top panels, the zero mode does not decay even after the nonlinearity comes in, whilst 
the variance of the field develops exponentially from t ~ 140 in the GRV-M Model (left) and from 
t ~ 600 in the GAU-M Model (right). This delay of the exponential growth comes from the fact that 
the other modes do not evolve initially except the mode k m ; thus, we can set these times as t* defined 
in Eq. ( 15.291 ). We fit a function, oc exp \ 2S num (t — t*n, against the exponential evolution for the 
variations, where we obtain S num ~ 4.45 x 10~ 2 in the GRV-M Model and S num ~ 6.72 x 10~ 3 in 
the GAU-M Model, which match satisfactorily with the analytical ones in Eqs. 05 .321 [5331) . where we 
computed as (s m ) ~ 4.20 x 10~ 2 in the GRV-M Model and (s m ) ~ 7.07 x 10~ 3 in the GAU-M 



Model. From the middle panels, the nonlinear time is approximately both t^L ~ 420 in the GRV-M 
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FIG. 5.6: In the top two panels, we plot the amplitude of n^(t) at two different time steps for the GRV-M Model 
in the left panel and the GAU-M Model in the right panel, where we took the average of (t) over the axes of 
k. The black-dashed vertical lines indicate the analytical values of the most amplified modes k m obtained from 
Eqs. l l5~33ll5~34l l. In the middle panels (GRV-M Model on left and the GAU-M Model on right), we compare the 
zero-mode a 2 (red-solid lines) and the homogeneous field a 2 ( green-plus dots) obtained in the bottom panels of 
Fig. 15. 21 In the bottom panels of Fig. 15,61 we plot the evolution of ri£(t) for both analytic values k m (red-solid 
lines) and numerical values k\ (green-dashed lines) of shown in the top two panels. 

Model and t nl ~ 2200 in the GAU-M Model, and these values agree well with our analytic estimates 
in Eq. ( I5.29l l, where the analytical values are t NL ~ 262 + 140 — 422 in the GRV-M Model and 
tNL ~ 1628 + 600 ~ 2228. In the bottom panels, we plot the evolution of the amplitude for the 
first peak mode (red-plus dots), second peak mode (green-cross dots) and the analytical most amplified 
modes (purple squared-cross dots). The numerical values of the exponents for the most amplified modes 
k m in blue long-dotted lines, (S num ~ 4.55 x 10~ 2 in the GRV-M Model and S num ~ 7.11 x 10~ 3 in 
the GAU-M Model) match with the analytical ones in Eqs. ( 15.321 IB34I ). The second peaks &2 in black 
short-dotted lines start to grow at t ~ 220 in the GRV-M Model and at t ~ 1300 in the GAU-M Model, 
and we can set these values as to defined in Eq. ( 15.311 ). The initial behaviour of the amplitude of second 
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peak of rif. seems to be quasi-periodic, whic h imp lies that (5) for the mode, k%, is pure imaginary, see 
Eq. ( 15.22b (cf. the bottom panels of FIG. 5 in 116710 . Surprisingly, the growth rates for the second peaks 
are about twice as large as the values of both (Sm) and S num for Var(er) and k\. Note that the initial 
evolution for k^ is not adiabatic, so that the growth rates are not strictly exponential as we have seen in 
the bottom panels of Fig. 15.61 For example, the growth of the first peaks, k m (or fci), in the GAU-M 
Model is not exponential initially, but it becomes exponential as the growth of the second peak mode 
A' 2 . 




FIG. 5.7: The top panels plot the amplitude of nj. with various times in both the GRV-M Model (left) and the 
GAU-M Model (right). The analytical values of the most amplified mode k m in black-dashed vertical lines agree 
with the first peak, k\, of the spectra in both cases. The middle panels show the evolution of zero-mode field, a 2 
(red-plus dots), and the variance of the field, Var(a) (green-cross dots), up to the nonlinear time t = tNL, where 
we can set t^L ~ 420 in the GRV-M Model and tNL ~ 2200 in the GAU-M Model. In the bottom panels, we plot 
the evolution of the amplitude for the first fci (red-plus dots), second peak /c2 (green-cross dots) modes and the 
analytical most amplified modes k m (purple squared-cross dots). 
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Bubbles pinched out of filaments: In Fig. 15. 81 we show snapshots of the positive charge density 
n+ (x) for the GRV-M Model (left panels) and the GAU-M Model (right panels) around t ~ t NL , 
where 'Timestep' in the panels denotes the actual time divided by 10 in the GRV-M Model and the 
actual time divided by 10 2 in the GAU-M Model. The colour bars illustrate the values of the positive 
charge density. We can see long-wavelength objects (sometimes called 'filaments') in both cases, and 
the charge in some regions is compactified into spheres, see bottom panel s. Th ese filaments and bubbles 



correspond to nonlinear solutions, which may be nontopological strings [130] and the excited states of 
Q-balls, respectively. The radii of these bubbles are of the same order as the wave-length which cor- 
responds to the most amplified modes, k m . As we will see in the next subsection, these bubbles grow 
by colliding and merging each other. Note that this bubble cr eatio n is nothing to do with bubble nucle- 



ation in first-order phase transition as opposed to the case in II 1711 . in which case the AD condensate is 



classically stable against spatial perturbations, but not quantum mechanically. 





FIG. 5.8: In the top and bottom panels, we show snapshots of the positive charge density n + (x) for the GRV-M 
Model (left panels) and the GAU-M Model (right panels) around t ~ ijvz,, where 'Timestep' in the panels denotes 
the actual time divided by 10 in the GRV-M Model and the actual time divided by 10 2 in the GAU-M Model, and 
the colour bars illustrate the values of the positive charge density. After the nonlinearity is fully developed, many 
bubbles form, which are pinched out of "highly" concentrated charged filaments. 
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5.3.3.2 Nonlinear evolution 



Bubble collisions and mergers: In Fig. 15.91 we show snapshots of the positive charge density for the 
GRV-M Model in different time steps up to t = 6000, where 'Timestep' in the figure denotes the actual 
simulation time divided by 10 2 and the colour bars illustrate the values of the positive charge density. 
After the system goes into a nonlinear regime, we can see a few lumps in the first few panels of the 
snapshots, and those lumps merge into larger lumpy objects. Finally, we can see a large cluster, which 
consists of a complicated inner structure, see the last snapshot. Recall that we are using the periodic 
boundary condition. 




FIG. 5.9: We show snapshots of the positive charge density for the GRV-M Model in different time steps (t — 
1000, 2000, 3000, 4000, 5000 and 6000), where 'Timestep' in the figure denotes the actual simulation time 
divided by 10 2 and the colour bars illustrate the values of the positive charge density. A few created lumps collide 
and merge into a large cluster by the end. 

Fig. l5.10l shows the detailed evolution of the positive charge density for the GAU-M Model in different 
time steps up to t = 60000, where 'Timestep' in the figure denotes the actual simulation time divided 
by 10 3 and the colour bars illustrate the values of the positive charge density. A large number of small 
bubbles can be observed, and nearby bubbles collide and merge into larger bubbles. In the final panel, 
there are smaller number of bubbles left (compare to the first panel). We believe that this time arrow is 
followed because the total energy of large bubbles is smaller than the total energy of smaller bubbles, cf. 
fission stability of Q-balls in Eq. ( 12.34b . These large bubbles are able to carry a large amount of charge 
inside of them as we saw in the left-bottom panel of Fig. |4.9| in chapter|4]in the "thin-wall" Q-ball limit. 

The differences in the evolution between GRV-M and GAU-M models come from a number of facts, 
e.g. different initial conditions, stability conditions and momentum fluxes due to asymptotic profiles at 
a large distance from the cores. 
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FIG. 5.10: We illustrate the detailed evolution of the positive charge density for the GAU-M Model in different 
time steps (t = 10000, 20000, 30000, 40000, 50000 and 60000), where Timestep' in the figure denotes the 
actual simulation time divided by 10 3 and the colour bars illustrate the values of the positive charge density. There 
are smaller number of bubbles left by the end. 

Distributions of the negative charge density: We show snapshots of the negative charge density for 
the GRV-M Model (left panel) at t = 6000 and the GAU-M Model (right panel) at t = 1.0 X 10 5 in 
Fig. 15. Ill where the colour bars illustrate the values of the negative charge density. These times corre- 
spond to the same physical times as in the final snapshots of Figs. I5.9l and l5. 101 The values of charge 
density in both models are much smaller than the values of positive charge density in Figs. |5.9| and l5. 101 
This implies that we are observing the plots of thermal plasma rather than charged (nonlinear) lumps. 
Their distributions are quite different from each other. The negative charge density for the GRV-M 
Model is surrounded by the large positive charged cluster seen in the last panel of Fig. 15.91 and it 
is distributed all over the lattice; whereas, for the GAU-M Model the distributions of the negative 
charged plasma are highly concentrated only around the surface of the lumps (compare the last panel of 

Fig. mo*. 

Driven turbulence: The top panels of Fig. !5.12l show the evolution of the zero-mode (red-solid lines) 
and the variations for a (dotted-dashed purple lines), whose latter evolution are fitted by a function, 
cx i 71 , (black dashed lines), where 71 is a numerical value as the power of Eq. ( 15.35b . For both models 
(GRV-M Model on the left panel and the GAU-M Model on the right panel), the asymptotic evolution 
after the linear perturbation regime is overlapped by the function, where 71 ~ 0.121 for the GRV-M 
Model and 71 ~ 0.235 for the GAU-M Model. Our analytic values can be matched by setting p ~ 0.111 
with m — 5 in the GRV-M Model and p — 0.250 with m = 3 in the GAU-M Model, see Eq. ( 15.35b . 
Hence, we could identify this regime as driven (stationary) turbulence, and the main dynamics in each 
model is caused by either a "five-particle" interaction or "three-particle" interaction, respectively. Note 
that our nonrenormalisation term has a 6 term in both models. In the middle and bottom panels of 
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FIG. 5.11: We present the snapshots of the negative charge density for the GRV-M Model (left panel) at t — 
6.0 x 10 3 and the GAU-M Model (right panel) at t — 6.0 x 10 4 , where the colour bars illustrate the values of 
the negative charge density. The negative charge for the GRV-M Model is surrounded by the large positive charged 
cluster; however, the distribution spreads out over the lattice space, whereas the negative charge for the GAU-M 
Model is concentrated around the positive charged lumps [compare them to the last panels of Figs. l5.9l and l5.10l . 

Fig. 15.121 we plot, respectively, the amplitudes of and at different times for the GRV-M Model 
(left panels) and the GAU-M Model (right panels). For of the GRV-M Model, the amplitudes of the 
high momentum modes grow in time, whilst the lower momentum modes do not decay completely and 
stay for a long time. We fit a function, oc fc -72 , (yellow dotted lines) where 72 is a numerical value onto 
the spectra at t = 6700 for the region where the function is fitted as shown in black dashed lines. We 
find that 72 ~ 1.62 for the case and 72 ~ 0.37 for the case. In the right middle and bottom 
panels, we plot the amplitudes of for the GAU-M Model in various times. The amplitudes of the 
high momentum modes decrease as opposed to the GRV-M case, and the slopes of the spectra for rrj: at 
t = 63000 in yellow-dotted lines are steeper than the GRV-M case, where we fit the numerical spectra 
by the following values shown in black dashed lines: 72 ~ 3.95 for the case and 72 ~ 1.74 for the 
nZ case. 

5.3.3.3 From driven turbulence to near equilibrium - Thermalisation: 

In order to significantly reduce the simulation time, we carry out 2 + 1-dimensional lattice simulations 
with the same initial conditions as used in the 3 + 1-dimensional cases, where our lattice units are 
reduced from 512 3 to 512 2 . In the top panels of Fig. 15. 131 (GRV-M Model in the left panels and the 
GAU-M Model in the right panels), we illustrate the evolution of the zero-mode and the variances of a, 
and in the bottom panels we plot the energy density (at t = 3.5 x 10 5 in the left-bottom panel and at 
t = 1.7 x 10 7 in the right-bottom panel) instead of the charge density to compare with the Q-ball profiles 
at zero-temperature, which we obtained in Figs. l4.3l and l4.7l in chapter[4] The colour bars in the bottom 
panels of Fig. 15.131 illustrate the values of energy density. Note that we are using the same parameters 
for the GRV-M Model as the ones used in chapter |U whilst the potential for the GAU-M Model used 
there is a generalised version of our present potential Eq. ( I5.10l l, so the profiles in the GAU-M Model 
should look similar only qualitatively, but not quantitatively. From the top panels, we can also see, in 
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FIG. 5.12: Left panels (GRV-M Model) and right panels (GAU-M Model): the top panels show the evolution of 
zero-mode (red-solid lines) and the variations for a (dotted-dashed purple lines), whose latter evolution are fitted 
by a function, oc i 71 , (black dashed lines) where we numerically obtain the value of 71 . In the middle and bottom 
panels, we plot, respectively, the amplitudes of n~£ and in different times for both models, and we fit them by a 
function of oc k~ 12 where 72 is also numerically obtained. 

particular the GRV-M Model, the scaling exponent evolution during the driven turbulence stage after the 
pre-thermalisation ends as confirmed in the top panels of Fig. 15.121 The subsequent evolution, however, 
is different between each other and also unique apart from a characteristic free turbulence stage. These 
features of the thermalisation process are caused by stable nonlinear solutions, namely "Q-balls"; in the 
GRV-M Model (left panels), the variance does not evolve that much after the driven turbulence stage 
ends and we can see thin walled like charged lumps in the end, see the left-bottom panel. In the GAU-M 
Model (right panels) the variance has a step-like evolution, at which stage we confirmed that two (or 
sometimes more) charged lumps collide and merge into a larger lump. The collision rate is very low 
since the motions of these "heavy" bubbles are nonrelativistic, but we expect that there will be only 
one single Q-ball left ultimately as similar as the GRV-M case. Generally, we observe that almost all 
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of the total energy is trapped into these lumps, where we also confirm that the total charge is absorbed 



into these lumps, as reported in 
an extremely thin-wall thickness 



As the "thin-wall" Q-balls in the GAU-M Model do not have 
50[], the profiles seen in the right bottom panel do not have such a 
thin-shell thickness. Note that the "thick-wall" Q-balls in the GAU-M Model may suffer from classical 
instability and fission against spatial perturbations around the Q-ball solutions, and decay into smaller 
Q-balls as opposed to the case of "thick-wall" Q-balls in the GRV-M Model. The reader should also 
notice that the potential for the GAU-M Model in the present case is different from Eqs. ( 14.261 l4~27l ) in 
chapter|H which may change the classical stability of the Q-balls in the "thick-wall" limit. Furthermore, 
the stability of Q-balls is related to their own charge Q so that the initial ratio, E/ (mQ), can also cause 
the different evolution. Therefore, we believe that the evolution is very sensitive to the parameters of the 
models used and the initial conditions. It is worth mentioning, in the left-bottom panel, that the value 
of charge density within the charged cluster is slightly larger than the value of the thin-wall Q-balls in 
the zero-temperature case [compare to right bottom panel of Fig. I4.3l in chapter[4). We believe that this 
is because this charged cluster appears in the thermal background, in which the thermal effects change 
their profiles. 
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FIG. 5.13: Left panels (GRV-M Model) and right panels (GAU-M Model) in 2 + 1 dimensions: the top panels 
show the evolution of the zero-mode (red-solid lines) and the variations for a (dotted-dashed purple lines). In the 
bottom panels, we plot the energy density (at t = 3.5 x 10 5 in the left-bottom panel and at t = 1.7 X 10 7 in the 
right-bottom panel) instead of the charge density to compare the Q-ball profiles seen in Figs. l4.3l and l4.7l in chapter 
|4] where the colour bars illustrate the values of energy density. We can see that almost all of the charge is trapped 
into bubbles which may be "thin-wall" Q-balls, recall that we are imposing a periodic boundary condition. 
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Let us recap our findings in this section. We have shown in both GRV-M and GAU-M models that 
the AD condensate that has a negative pressure is generally unstable against linear fluctuations, and the 
fluctuations evolve exponentially. The condition for the presence of the negative pressure corresponds to 
the existence condition of Q-balls, and under our initial conditions shown in Table 15.11 we observed that 
almost all of the total charge is trapped into a single (and a few) spherical lump(s) ("thermal Q-balls") 
by the end of our numerical simulations. In the intermediate regions between the initial exponential 
amplification stage and thermalisation stage in the presence of the nonlinear solutions, we identified 
that the driven turbulence is active; we then found the scaling exponent evolution for the variance of a, 
and we saw that this stage lasts relatively much longer than the case of tachyonic reheating. 



5.4 Conclusion and discussion 



In this chapter we have discussed both analytically and numerically two main issues: the dynamics 
of Affleck-Dine (AD) condensates and their subsequent nonequilibrium dynamics in the presence of 
nonlinear solutions. We showed that the AD dynamics has the same features as the orbital motions of 
planets, replacing the gravitational force by an isotropic harmonic oscillator force. As the relativistic 
correction to the Newtonian potential gives a precession for the planetary orbit, the orbits of AD fields 
are disturbed by the nonrenormalisable and quantum correction terms. Note that the essential origin of 
these corrections is physically different. In the presence of a negative pressure of the AD condensate, 
we have shown that the condensate is classically unstable, and the evolution of the system is similar to 
the dynamics of reheating of the Universe, i.e. pre-thermalisation, bubble collisions and thermalisation. 
Adopting lattice simulations, we found that the thermalisation process occurs in the presence of charged 
lumps, which merge into a single (or a few) "thermal thin-walled Q-ball(s)", absorbing most of the 
homogeneous charge distributed initially on the lattice. 



In Sec. 15.21 we introduced two phenomenological models motivated by the MSSM, i.e. the gravity- 
mediated (GRV-M) model and gauge-mediated (GAU-M) model. We obtained the frequencies of the 
rotation for the nearly circular orbits, and showed that the condensate can have a negative pressure in 
both cases, see Sec. 15.2.11 Furthermore, we checked numerically our analytic results with the various 
cases in both a non-expanding and expanding universe. 

Our analytic expressi ons have a num ber of advantages. In the existing literature on preheating for 



complex scalar fields 1193L 11941 119511 . the motion of the complex scalar field is assumed to be of an 
elliptical form, but their ansatz does not hold [compare our expressions in Eqs. ( IE.5IIE.loT ) and Eq. ( 15.191 ) 
and their ansatz]. In the multi-fiat direction cases, our analytic expressions of the AD field give the exact 
Mathieu equation if the interaction term between the AD field <f> and another field \ that parametrises 
another fiat direction, is given by g 2 |0| 2 |x| 2 > where g is a coupling constant between them. The previous 
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literature II1951I196LI197I1 suggested that the resonant SUSY preheating for nearly circular orbits is not 
effective since the characteristic dimensionless quantity q is much less than unity, recalling that broad 
resonant preheating (nonadiabatic evolution) occurs for q 3> 1. This statement also holds for our case 
when the orbit of the AD field is nearly circular because of q oc e 2 where e 2 is the third eccentricity of 
the orbits, recalling that nearly circular orbits correspond to the case of e 2 <C 1, 



We obtained the successful ansatze, Eq. ( 15.191 ), for nearly circular orbits in an expanding universe (see 
also the top panels in Fig. l5.41 >. but o ur an alytical expressions could be improved by the action variable 



technique as a real scalar field case 1119811 . These issues on understanding analytic forms of the orbits 
are related to the dynamics of spinning scalar fields, whic h can be responsible fo r the early- and late- 



time exponential expansions of the Universe (spinfiation [ 199J and spintessence [200Q) since the AD 
condensat e can possess a negative pressure, which can satisfy the condition of slow-roll inflation, w < 
1/3. In 1120 111 , the authors discussed an oscillating field responsible for dark energy (see a recent review 



1 20211 s ). and it 



example 11204 



gives a constraint on the power of a power-law potential in order to obtain the attractor 



solutions 1 203] , As in th e case of real scalar fields, a complex scalar field has been investigated, see for 



205 



20611 . Following our analytical work, one can investigate the further analysis on dark 



energy for a complex scalar field and their late evolution in order to place constraints on parameters of 
the models, avoiding Q-ball formation. 



In Sec. 15.31 we explored the late evolution of AD fields in Minkowski spacetime in both GRV-M and 
GAU-M models. As the usual nonequilibrium dynamics, we proposed that the dynamics of the Q-ball 
formation goes through three distinct regimes: pre-thermalisation, bubble collision (driven turbulence) 
and thermalisation. We showed analytically that the AD condensate is unstable against spatial perturba- 
tions if the condensate has a negative pressure, and the perturbations grow exponentially. The presence 
of the negative pressure satisfies the existence condition of Q-balls as well as the fact that the sound 
wave of the perturbation has an imaginary value of the sound speed. Assuming the adiabatic linear 
evolution, we have analytically shown that the perturbations for the most amplified mode k = k m in 
Eq. (15.25b grows with the exponent S m in Eq. (15.26b . which we obtained b y taking the average over one 



17311 . these values were obtained 



rotation of the orbits of the AD field. In the previous literature [116, 
by ignoring the nonrenormalisable term and by assuming that the orbit is circular. By including the 
nonrenormalisable term and considering more general elliptic orbits, we recovered their results as the 
leading order term of our solutions in Sec. 15.3.1.21 We also showed that the nonlinear time is delayed 
compared to the time which the authors in 1 14711 obtained, since the other modes are not well developed 
when the most amplified mode starts to grow exponentially. With our 3 + 1 -dimensional numerical 
lattice simulations, which were ru n for a much lon ger time with much larger simulation sizes than the 
past lattice simulations in 



116, 



173 



182I1 . our analytic results were shown to be robust. We 
found that the adiabatic condition is violated at the beginning stage of the linear perturbations as seen 
in broad resonant preheating. In the driven turbulence stage, we observed that many bubbles form and 
collide/merge into larger bubbles in both GRV-M and GAU-M models. Note that these bubbles are 
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nothing to do with the bubbles due to first order phase transition. By concerning with the variance of 
the radial field er, we h ave seen that the evolution follows a scaling exponent law as a signature of the 
driven turbulence ill 7711 . As opposed to the case of tachyonic preheating, this driven turbulence stage, in 
our case, lasts for a longer time, which may be caused by the presence of classical nonlinear solutions, 
i.e. "Q-balls". We saw in our 2 + 1-dimensional numerical results that a thermalisation stage actually 
exists where the evolution for the variance of a field has a different scaling law from the one which 
appears in the driven (first) turbulence stage. We believe that quantum effects should be non-negligible 
in this late turbulence stage, and the classical thermalisation process, in our case, should be different 
from the corresponding quantum-mechanical thermalisation. Since the thermalisation process is gen- 
erally extremely long, a lattice simulation in an expanding background encounters serious problems in 
the ultra-violet limits; thus, we ignored the Hubble expansion in our lattice simulations. By considering 
the quantum-mechanical effects as well as Hubble expansion, it is worth investigating the cosmological 
consequences. 



In the context of a (p)reheating scenario, it has been suggested 1 13111 that the collision of bubbles during 



the dri ven tu rbulence st age c an be an effective source of gravitational waves, which can be detected by 



LIGO 120711 and LISA 120811 in the near future. We noticed that this analysis should be applicable to 



the same driven turbulence stage of the Q-ball formation, which was initially propos ed in M49tl . The 



problem of gravitational waves emitted in the fragmentation stage has been discussed II 1 8211 . while the 
analysis in the driven turbulence stage of Q-ball formation still remains to be done. 

Moreover, we assumed that the A-terms in the scalar potentials V, Eq. (15.81 ) and Eq. ( 15.10b , are neg- 
ligible at the beginning of the analysis, where V is independent of the phase field 8. However, those 
terms are essential to generate the baryon/lepton number in the AD baryogenesis, and the dynamics of 
the AD field and the formation of Q-balls may be affected by the A-terms. Recall that the conserved 
gl obal c harge (baryon number) stabilises a Q-ball. With the inclusion of the A-term in V, the authors 



in 02O9I1 showed that the Q-balls can be unstable for a strong coupling constant of the A-term, however 
they also claimed that the previously published stability analysis on Q-balls should not be affected dras- 
tically since the coupling constant of the A-term is very weak under the realistic cosmological situation. 
Therefore our analysis in this chapter is still valid. 



102 



Chapter 6 



Conclusions 



In this thesis we have studied the stability and detailed formation process of Q-balls in polynomial 
potentials and physics beyond the SM, namely the MSSM. By including quantum corrections as well as 
thermal corrections in the MSSM scalar potentials, the AD condensate may possess a negative pressure, 
whose presence implies that t his co ndensate may fragment into nontopological solitons, known as Q- 



balls. Past work 



nplies tJ 

1 30 
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lllll has failed to convincingly demonstrated the necessary conditions 
to understand the stability and formation of these Q-balls. A proper treatment may significantly alter 
the existing cosmological estimates for the presence of the Q-balls; and this research background on 
Q-balls gave our initial motivations to explore these solutions in more detail. Our primary goal in this 
thesis has been to understand how Q-balls form and interact with each other in the very early Universe, 
and we have solved a number of questions related to this issue throughout this thesis. 

In chapter[2] we reviewed the fundamental aspects of standard Q-balls. By introducing two powerful 
analytical tools, the Legendre transformation and the virial theorem, we presented a remarkable way of 
calculating the charge Q and energy Eq of a Q-ball, and obtained the relations of their classical and 
absolute stability conditions. By scaling a Q-ball solution and imposing the ratio between the surface 
and potential energy of the Q-ball, we obtained the virial relations and characteristic slopes 7, which give 
an important proportional relation, i.e. E oc Q 1 ^ 1 , see Eqs. ( 12.15ll238l . We also obtained the threshold 
values for absolute stability of Q-balls in the parameter space uj in Eq. ( |2.39t . These values agree with 
the corresponding numerical results in polynomial potentials in chapter[3] see Tables I3.3l and [3~4l 



Following the pioneering 



work on nontopological solitons, i.e. Q-balls, by Friedberg, Lee and Sirlin ||2C ] 



and Sidney Coleman 12111 . in chapter|3]we explored both the absolute and classical stability conditions 
of standard Q-balls in a general polynomial potential, which can appear as an effective potential with 
quantum/thermal corrections. In the extreme lower limit of ui, namely uj = we defined thin-wall 
Q-balls, which have generally an infinitesimally small thickness outside of their core. For potentials 
without degenerate vacua (NDVPs), we showed that a step-like profile is the appropriate ansatz in the 



extreme thin-wall limit, and we found that the energy of the Q-ball grows linearly as the charge Q, 
which is consistent with the result obtained with the virial relation in chapter [2] We also found that 
the solution is absolutely stable against their own quanta, known as Q-matter as ordinary matter with 
a zero-pressure. We noticed that this Q-matter phase is not generally equivalent to the state, in which 
the AD condensate has a negative pressure, and suffers from spatial perturbations, fragmenting into 
inhomogeneous states, see chapter|5] In order to investigate thin-wall Q-balls including a finite size of 
the shell thickness, we introduced a modified ansatz which is valid for a more wider parameter space u> 
in addition tow = We then recovered the solution of the Q-matter phase (ui = ui-) as the extreme 
case in NDVPs, and obtained new features of the stability conditions in polynomial potentials both with 
and without degenerate vacua cases, i.e. DVPs and NDVPs. With our modified ansatz for thin-wall 
Q-balls, the condition for classical stability does not depend on the number of spatial dimensions, but 
the absolute stability condition does. Moreover, the characteristic slopes coincide with those derived 
using the virial theorem as found in the extreme thin-wall limit. The values of the characteristic slopes 
7 depend on the presence of degenerate vacua in potentials, i.e. whether NDVPs or DVPs, such that 
I/7 = 1 in NDVPs and 1/7= 2<d-i) m DVPs > recalling Eq oc Q 1/7 . On the contrary, for the upper 
limit of the parameter space w we defined "thick-wall" Q-balls, which do not actually imply that the 
Q-balls have a large shell thickness compared to the core size since we cannot define explicitly both of 
the sizes in this limit. We confirmed that the "thick-wall" Q-ball solutions naturally tend to free-particle 
solutions. We also pointed out that a Gaussian ansatz in polynomial potentials has several drawbacks, 
whilst the other modified ansatz solved these problems and we obtained the general classical stability 
condition in Eq. (13.47b under the validity condition Eq. (I3.45l l. With this fact and Eq. ( 13.44b , it implies 
that the "thick-wall" Q-balls are absolutely stable. We should, however, state that a Gaussian ansatz is 
actually valid for one of the MSSM flat scalar potentials, i.e. gravity-mediated potentials, as shown in 
chapter[4] The key analytic results in chapter[3]were summarised in Table 



In the l ate '9 0s, Alexander Kusenko and Mikhail Shaposhnikov ll 811 and Kari Enqvist and John Mc 



Donald III 1 IH discovered SUSY nontopological soliton solutions in the MSSM, which implies that these 
solutions may have rich cosmological consequences. Following our analyses developed in chapter [3] 
we obtained, in chapter |4] both analytically and numerically new stability and stationary properties of 
both thin- and thick-wall Q-balls at zero-temperature in both gravity-mediated and gauge-mediated po- 
tentials. In gravity-mediated potentials in which SUSY is broken by gravity interactions, we found that 
thin-wall Q-balls can be quantum-mechanically and classically stable against their own quanta as long 
as the coupling constant of the nonrenormalisable term is small enough. The values of the characteristic 
slopes 7 are the same as the ones computed in chapter[3]for thin-wall Q-balls in polynomial potentials. 
Further, we showed that the "thick-wall" Q-balls are classically stable against linear perturbations and 
may be quantum-mechanically stable under the conditions Eq. ( 14. 2\\ . As stated, a Gaussian ansatz in 
this model does not have any contradictions since the solution in the "thick-wall" limit becomes the 
exact Gaussian solution, Eq. ( IB. Il l, examined in appendix [C] As another example of Q-balls in the 
MSSM flat potentials, we explored Q-balls in gauge-mediated models in which SUSY is broken by a 
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gauge interaction. Generally speaking, the gauge-mediated potentials are extremely flat compared to the 
gravity-mediated and polynomial ones; therefore, we could not apply our thin-wall ansatz Eqs. ( 13. 61 14.8b 
to the present case. Instead, by linearising the gauge-mediated potentials, we obtained the full analytic 
results over the whole range of u>, see Figs. l4.8l and l4.9l In particular, we showed that the Q-balls 
in the "thin-wall-like" limit are absolutely stable in Eq. ( 14.40b . while the one- and three-dimensional 
"thick-wall" Q-balls are completely unstable, see Eqs. ( 14.471 l4~48l i or Eqs. ( 14.451 l4~46T i. respectively. 
The energy ratio by unit charge for the "thin-wall" Q-balls in the gauge-mediated models is lower com- 
pared to ones computed with the other models, namely 1/7= jy^j in E oc Q 1 / 7 . Thus, we can use this 
stable and energetically compact Q-ball solution to explain the present dimensionless energy density of 
dark matter, Hdai, in the Universe, i.e. VIdm ~ 0.23. Our key analytic results were summarised in 
Table PO 



It has been noted Il8l ll 1 ill that an AD condensate with a negative pressure fragments into Q-balls, and 



Sinta Kasuya and Masahiro Kawasaki 147L 14811 showed numerically that the bubble-like objects actually 
form from the decays of the condensate with classical lattice simulations with both gravity-mediated and 
gauge-mediated models. Their original work on Q-ball formation, however, was not done in a consistent 
way from the perspective of the dynamics in the AD mechanism, and their analytic results were not well 
checked; therefore, in chapter[5]we reexamined the dynamics of the AD mechanism and the late evo- 
lution which includes "Q-ball" formation and the thermalisation process in both models. We identified 
that the dynamics for the motion of the AD field has the same properties as orbital motions of the usual 
planets, replacing the gravitational force by an isotropic harmonic oscillator force. By including non- 
renormalisable terms and quantum corrections in the mass term of the scalar potentials, the motion of the 
AD fields in both models is disturbed in a similar way as the precessesion of planetary orbits occurs due 
to the relativistic corrections on the Newtonian potential. Furthermore, we explicitly showed that the 
presence of a negative pressure in the AD condensate leads to the three consequences, all of which arise 
from the same origin, such as the spatial instability against linear spatial perturbations, imaginary val- 
ues of the sound speed, and meeting the existence condition of Q-balls. By adopting 3 + 1-dimensional 
lattice simulations with more realistic initial conditions in both gravity-mediated and gauge-mediated 
models, we investigated both analytically and numerically the detailed processes of Q-ball formation, in 
which we found that the evolution of the system goes through the same three distinct stages as a model of 
reheating in the early Universe, i.e. pre-thermalisation, bubble collisions (driven turbulence), and main 
thermalisation. Fo llow ing the wave kinetic theory of turbulence originally proposed by Raphael Micha 



and Igor Tkachev 117711 . we obtained the scaling exponent law for the variance of a field during bubble 
collisions. Moreover, we found numerically that the classical thermalisation process is unique due to 
the presence of charged lumps, which merge into a single (or a few) "thermal thin-walled Q-ball(s)", 
absorbing most of the homogeneous charge initially distributed over the lattice space. 

In summary, we have explored the stability and stationary properties of Q-balls in polynomial poten- 
tials and the MSSM flat potentials, and the detailed formation process in the latter phenomenologically 
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interesting potentials, adopting with lattice simulations. We showed that non-thermal "thin-wall" Q- 
balls, which contain a lot of charge (baryons/leptons), can be absolutely stable in any types of the above 
potentials, which implies that these Q-balls, in particular "thin-wall" Q-balls in gauge-mediated poten- 
tials, are likely to survive from thermal effects, diffusion, dissociation, and decays into fermions. Those 
Q-balls may still exist in the present Universe as invisible matter, i.e. dark matter. This fact naturally 
provides the two quantities in Eq. ( II. 3t ll^l . 

As our future work, it is worth investigating the possibility of gravitational wave emission from the 
collisions of charged bubbles during the thermalisation stage as we saw in our lattice simulations. We 
are also interested in studying the stability and formation of Q-balls in hybrid inflation models, which are 
motivated by SUSY D-term and F-term inflation models and the original nontopological soliton model 



in M20I1 . As mentioned at the end of the previous chapter, we obtained the successful ansatze for nearly 
circular orbits of the AD fields in an expanding universe. B ut ou r analytic expressions could be improved 
by the action variable technique as a real scalar field case 119811 . These issues on understanding analytic 
forms of the orbits are related to the dynamics of spinning scalar fields, which can be responsible for 
the early- and late- time exponential expansions of the Universe (spinflation and spintessence) since the 
AD condensate can possess a negative pressure, which can satisfy the condition of slow-roll inflation. 
Following our analytical work, one can investigate the further analysis on dark energy for a complex 
scalar field and their late evolution in order to place constraints on parameters of the inflation models, 
avoiding Q-ball formation. 

Further, we assumed to ignore the effects of gauge fields on the stationary properties of Q-balls and the 
cosmological consequences in our entire thesis. However, the inclusion of the gauge fields may affect 
the detailed Q-ball profile as pointed out in I57I . Inside the gauged Q-ball, the local gauge symmetry 
should be broken by the non-zero field value. Then, the charge profile for the large gauged Q-ball has 
a peak around the surface due to the Coulomb repulsion, and there exists a maximum charge. These 
are different features from the non-gauged Q-balls; thus, we believe that the stability analysis should be 
well modified. Another question arises that 'Can we predict the observable cosmological consequences 
caused by the gauge field in the MSSM?'. Regarding this question, Kari Enqvist, Asko Jokinen, and 
Anupam Mazumdar c omp uted the magnitude of the magnetic field, 10~ 30 Gauss, generated along the 
MSSM flat direction 1121011 . Th is va lue is the same order as the magnitude for the observed magnetic 
field in the clusters of galaxies 1121 ill . The above two ideas on both the stability of the gauged Q-balls 
and their cosmological consequences in the MSSM can be brought together; it is worth estimating the 
magnitude of the magnetic field in the presence of the gauged Q-balls. 



Finally, with the forthcoming data from the high-e nerg y experiments, such as LHC 121211 . the gravita- 
tional wave detectors, e.g. LIGO 120711 and L ISA M208I1 . and the detectors of cosmic microwave back- 



and PLANCK 121311 . we believe that these experimental data may shed 



ground radiation, WMAP 
light on the origin of the two quantities, Eqs. dl. 1111.21 ). in the future. 
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"Many of life's failures are people who did not realize 

how close they were to success when they gave up." 



Thomas Edison. 



Appendices 



Appendix A 

Classical stability 



Nontopological solitons, i.e. Q-balls, can be classically stable for a small nonlinear coupling constant, 
say g, when the fluctuations around the solution are of a harmonic oscillator form. It implies that 
the energy is Eq = Eq + J2n(Nn + ^)^n + ■ ■ ■ in the language of quantum field theory, where 
E Q 0) ~ C(l/g 2 ) is the Q-ball energy, JVn is the "occupation number" of the Nth normal mode, and il^ 
is the characteristic frequency of the fluctuations. Here, the second term in Eq is of O(g ) and the higher 
order terms are suppressed by the small nonlinear coupling constant g, i.e. 0(g 2 , <? 4 , . . . ) 15211 . The 
case, flff = 0, corresponds to the zero mode, i.e. translations and phase transformations from the Q-ball 
solution. A classically stable Q-ball has fluctuations with flj^ > 0, whilst if iljy < 0, the fluctuations 
exponentially grows, which means the solution is classically unstable. The canonical quantisation of 
the solitons is a matter of ordering the canonical variables so that one needs to additionally impose the 



equal time canonical commutation relations on the variables for the purpose ||2C , 



531. 



In this appendix we present the complete classical stability analysis of Q-balls in a number of spatial 
dimensions D, following the original work in I52L In order to show the classical stability, we have to 
adopt the Hamiltonian formalism, starting from the Lagrange formalism. Introducing collective coor- 
dinates and concerning the zero-modes, we obtain all positive or zero eigenvalues for the fluctuations 
around the Q-ball solution subject to the condition that the charge of the Q-ball should decrease as a 
function of to. Therefore, we can show that the Q-ball solutions are classically stable against linear 
fluctuations. 

Let us begin with perturbing the lowest energy solution, i. e. a soli ton solution, a (x — R(t ) ) with complex 
fluctuations \(t, x — = XR + i>Xi> where R(f) is the location of the soliton and \x\ ~ 0(e) -C u. 

Here, e is a small quantity compared to the background field a. Hence, the field <j> 

cf, = e- ie W(a + x), (A.l) 

where a satisfies the Q-ball equation Eq. ( 12.20t . We can expand \ with a complete set of complex 
functions /„(x): \ = J2^Ld+2 3n(*)/n( x ) f° r n > D + 2. Note that q n {t) is a real function due 
to the factor 6{t) in Eq. dA. lb . We shall define fk oc dk<J and fo+i oc a for k = 1, 2, . . . , D with 



qk = Rk(t), qD+i = 8{t), so that /j are orthonormal for i, j = 1 to oo, i.e. J f*fj = Sij, where we 
defined J = J Vd , see Eq. ( 12.61 ). By imposing the U(l) symmetry and the Lorentz invariance for the 
perturbed solution, we must have the conditions 



<?Xi = °> / XfiVcr = 0. 



(A.2) 



A.l The second-order variations with the Lagrange formalism 

Using Eq. (IA.U and collective coordinates, qk — Rk(t) and qo+i = 8{t), it is tedious but straightfor- 
ward to express the lagrangian, L = K(q,q) — V(q), up to second order, where the kinetic and potential 
terms are, respectively, 



K = J^ = ^ i M ij q j =K +K 1 +K 2 



V = 



\\v$\ 2 + u{\<t>\) = v + v 1 + v 2 + 



(A.3) 
(A.4) 



Here, a tilde denotes the inverse vectors of the original vectors. The components of Mij are 

Md+X,D+1 

Mkk' = Mk>k 
M D +\,k = M k ,D+i 

M-D+l.n = M. n% D+l 
Mkn = M nk 
M nn ' — M n 'n = j fnfn' = S nn i . 

The matrix M can be expanded as a series of the infinitesimally small quantity e, 

M = Mo(e°) + M 1 {e 1 ) + M 2 (e 2 ) + 0(e 3 ) 

where 

t F G \ 



{a 2 +2CTXR + XR + X 2 -} , 

{d k ad k "J + 2d k ad k 'XR + dkXR^k'XR + dkXidk'Xi} , 
J {-2xidk<J + XRdkXi ~ XidkXR} , 

2 J {*(/« - f*n)XR + (fn + fn)Xl] , 
~2 / {(fn + fn) d kXR ~ i(fn ~ fn) d kXl} , 



(A.5) 



f S o\ ( A B J 



Mo 



\ 



10 
1 



Mi 



\ 



B C E 
J E 



, M, 



G H 




(A.6) 



Here, we defined the matrices, column vectors, and scalars as 



So — hloSkk' 



I -- 

A = 2j d k ad k ,XR , B = 2J xidi 

E = M n ,D+l , J = M kn , 



F = J dkXRdk'XR + dkXidk'Xi 



G = XidkXR ~ XRdkXi, H = J Xr + X 2 i, 
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where Mq = A J(Vcr) 2 and the tildes are denoted as the inverse matrices (vectors) of the original 
matrices (vectors) again. Therefore, the components of K in Eq. ( IA.3I ) is given by 

Ko = ^qiMoijqj, K x = -qiMujqj, K 2 = -qiM 2 ijqj- (A.7) 



The potential terms in Eq. ( IA.41 > can be also expressed by 

Vo = y^(Va) 2 + C/(a), (A.8) 
Vi = lo 2 J a XRl (A.9) 

where we used |0| ~ a + ^+fl + 0( £ 3) and ~ ^ ( CT ) + Xfl ^ + |i£ + 2&0 + o( e 3) + . _ _ _ 



A.2 The Hamilton formalism with canonical transformations 

In order to consider the modes of the fluctuations x< it is useful to switch the Lagrange formalism to the 
Hamiltonian formalism. Let us impose canonical transformations with Eq. (IA.3b and Eq. ( tA.4) . we then 
obtain 

dL 

Pi = -777- = M.j'l, -> q% = M~ x pj, (A. 11) 

oq% 

wherep fl = ^ ~ 0(e) andp/ = J^- ~ 0(e) for ra, to = £> + 2,£> + 3, .... Hence, the Hamiltonian 
i? (q, p) is given by 

# = p,& -L= ^PiM^Pj + V{q) =H + H 1 +H 2 + (A.12) 



which is independent of and qo+i', thus, the Hamiltonian equations for the soliton momenta Pk and 
the charge Q give conserved quantities: Pf. = — = and Q = — q®^ = 0. In the centre of mass 
frameQ, we can set 

f) j Or 
Pk = 7 T 7-:=0, Q = — = const. (A.13) 
dq k 89 



Using Eq. ( IA.5b , the inverse matrix of M. can be expanded by 

M- 1 ~ Mo 1 - M^AMo 1 + M^AM^AMv 1 + .... (A.14) 
We obtain the kinetic terms in Eqs. ( lA.3IIA.7l i as 

K = i (Q 2 /- 1 ) , K 1 = -Qf[ ctxr, (A15) 

^ 2 = 2 ) P « ~ ~T (Pn M n.D+l +M D +l,nPn) + JJ \M D +l,n\ 

n ^ 

+ ${w ( 2 I x,v ')' + i{ 2 I' XD ) 2 }-^{I x '" + xi ^ <A16) 



One can find the results in an arbitrary frame in 
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To ensure that the fluctuation x is of order of e, we set 

Hi = (lu 2 - Q 2 r 2 ) { a XR :=0^Q = Iuj, (A. 17) 



where we chose the positive sign for both Q and lu without loss of generality. Using Q = Ico, we can 
reduce Eqs. ( IA.8MA.10b and (IA.15«A.16b to 

H = DMo + Ilo, (A. 18) 

H2 = i^b„-^X D +i,r l | 2 + V fl , + V / , (A.19) 



where 



Vr = \ J ' XRh R XR + ^- (j '(?Xb) , (A.20) 
If, 2lu 2 ' r 



V, = 2i*' ta + I7b U X/Vf V ■ (A ' 21) 
Here, the differential operators fiR and hjin Eq. ( IA.20b and Eq. ( IA.2U are defined by 

h R = -V 2 + ^-w 2 , (A.22) 

hj = -V 2 + -^-uj 2 . (A.23) 
a da 

As a result, we found the second-order Hamiltonian H2 in Eq. ( IA. 19b . with which we will be able to 
examine the stability of the perturbations using the Hamiltonian equations. 



A.3 Positive eigenvalues 

In order to show the classical stability of Q-ball solutions, we need to impose a condition for the charge 
of the Q-ball, which implies all eigenvalues, and A/, for Vr and V/ in Eqs. ( 1A.201|A~2TT i should be 
positive definite or zero. Those eigenvalues are given by 

5V R - 4uj 2 ( f \ 

IirXr + —r° / <?XR = ^RXR, (A.24) 



OXR I 

h 



SVj t iuj 2 



hixi + -g^Vtr ■ i^J Vax/J = A-iXi- ( A -25) 

Our first task is to show that Hr has only one negative eigenvalue, and that the rest of them are all 
positive or zero, whilst we will show that all eigenvalues of hj are positive definite or zero. Each 
of the zero-modes should be treated with special efforts since these modes are translation and phase 
invariant modes of the Q-ball solutions. Finally, we are able to prove that the fluctuations around the 
Q-ball solution are of the usual harmonic oscillation form using the Hamiltonian equations subject to 
the condition that the charge Q of the Q-ball should monotonically decrease as a function of lu. This is 
our main aim to prove from now on. 
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A.3.1 Eigenvalues for h R and hi 



Let ipm and i[>ij be the eigenstates of hR and hi, such that 

fiR^m = Xmi>Rt, hiipij = Xijipij, (A.26) 
where A^ and X]j are the corresponding eigenvalues. 

A.3.1.1 One negative eigenvalue for h R 

Here, we show that there is only one negative eigenvalue of Hr. By differentiating Eq. ( 12. 20b with 
respect to dk, we obtain the zero-eigenfunctions of Hr, 

h R 8 k a = 0. (A.27) 

The eingenfunctions, dkcr, come from the translational invariance, i.e. cr(x+r/), where n is a small quan- 
tity which is responsible for the translation from the Q-ball solution. The eigenfunctions correspond to 
p-states of fiR, which have a number of spatial dimensions D, i.e. ifjRk cx d^a. Since the lowest s-state 
eigenvalue of fiR must be lower than the lowest p-state eigenvalue, there exists at least one negative 
eigenvalue of s-states for Kr whose corresponding eigenfunctions are s-waves ipi. These eigenfunctions 
ipi will be used to obtain the positive eigenvalues Ar for Vr in the next subsection. Before doing so, 
we have to be concerned with the eigenvalues for Hr and hi in more detail. 

Theorem : hR must have only one negative eigenvalue in order for Vr > 0. 
Proof 

If fiR had two negative eigenvalues A_2 < A_i < < Ao, one can expand a as a = a-itp-i + a-2ip-2 
and xr = C-\ip-\ + where the under-indices are denoted as the corresponding eigenfunctions 

and factors for the eigenvalues A_i, A_2- Hence, Vr in Eq. ( IA.24b becomes 

Vr = i( C 2 _ 1 A_ 1 +^ 2 A_ 2 ) + ^( C ^ l( 7_ 1 + C 2 _ 2 a_ 2 ) 2 , (A.28) 

) A_i + c 2 _ 2 \_ 2 \ < 0, (A.29) 
cr_icr_2/ J 

where without loss of generality we have set c_i = —^^0-2 in the last step. The inequality holds due 
to A_2 < A_i < 0. The proof of the theorem is complete. 

A.3.1.2 Positive and zero eigenvalues for hi 

Next, we will show that all eingenvalues of hi are positive or zero. From Eq. ( 12.201 ) and Eq. ( IA.23I ), we 
obtain 

hi<7 = 0, (A.30) 



which leads to one zero s-state eigenfunction of hi', ipio oc a. Since a has no node 15211 , the other 
eigenvalues of hi are positive definite. 
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A.3.2 Positive and zero eigenvalues for Vr and V/ 



Our next task is to establish that all eigenvalues of Vr and Vi should be positive definite or zero, i.e. 

Ar > 0, Aj > 0. (A.31) 

Let "J/?; and tyjj be the real eigenfunctions for Vr and Vj, respectively. Note that and tyjj 
are orthonormal, namely f^Ri^Rj = J^n^ij = 5ij. As one can expect, we obtain the zero- 
eigenfunctions are *f?Rk oc c^er and ^jq oc a. 

First of all, let us consider Vi in Eq. ( IA.2 lb . We expand \i with a complete set of ^ ij with gjj = 
Im(qj), which implies that 

\/ (A.32) 

i 

Since the first and second terms of the RHS in Eq. ( IA.2 11 > are positive definite, we obtain Ajj > 0. 
Recalling the translational invariance Eq. ( IA.2t and Eq. ( 1A.23I I. we obtain the zero-eigenfunction, i.e. 
vp/o oc cr with A/o = 0, cf. Eq. dA.30b . 

Secondary, we will consider Vr. We expand xr with a complete set of ^m except the s-state qRj = 

Re(qj): 



XR 



Here, a prime denotes the summation over i except zero-eigenvalue. Recalling the phase invariance 
Eq. ( IA.2I ) and Eq. ( IA.27I ). we obtain the zero-eigenfunction, namely "i>Rk oc d^cr with Ajjfc = 0, where 
we used Eq. ( IA.2t again, see Eq. ( IA.27I ). We can then express the energy E[f] with a function / = 

a + e$ R , 

E[f] =E + E 2 + E 3 + ... = E a + e 2 A R + 0(e 3 ), (A.34) 

where Eq corresponds to the lowest energy solution, i.e. the Q-ball solution. Without s-state waves, we 
obtain A R > 0. 

By including the s-states of ^>Ri, we will show the positivity of Am, where we define z = Am. 
We define tpi as a complete set of s-state eigenfunctions, which satisfies the the orthonormal relation, 
J ipiipj = Sij. Recalling that h,Ripi = X^i where Ai < < A2 < . . . , we expand ^ri and a in terms 
of tpi with the amplitudes, Cj and cr,, i.e. 

*fti = ^2 Ciipi, cr = ^ <7l ^ i - (A.35) 

i i 

Using Eqs. dA.35IIA.24b , we obtain 

Xj - z + ^j- 0} J c j = 0, (A.36) 
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where we multiplied ipj and integrated over the space in Eq. dA.24b . Since Cj is arbitrary, the solution 
for G(z), where 



1 t-r 1 A, — z 



corresponds to s-state eigenvalues of A# 
Note that 

dG 



> 0, lim G(z) = Too, Xj < A Rj < A J+ i. (A.38) 

dz z — ^A^i 



Since it is required to have A^ > 0, we should impose that 



Ai < < Ai < A 2 < .. <S> G(0) < 0, (A.39) 

4co 2 



where G(0) = 1 + ^ (A.40) 

We will now show that G(0) = which implies that we should have a monotonically decreasing 

function Q in terms of lo due to G(0) < 0. Recalling Eq. dA.17b , we obtain 

5Q = I5uj + 2lo ( 'aSa & = 1 + ^ / erf^. (A.41) 

J Q duo I J duo 

Differentiating Eq. ( 12.20l i with respect to lo, we obtain 

h R — = 2coa. (A.42) 
aw 

Multiplying J2i a i on tne eigen-equation fiRipi = AiV>j, we then obtain 

YJiR^i = o. (A.43) 

i 

By comparing Eq. ( IA.42t with Eq. ( IA.43I I. we find |^ oc X)if i V'i- By multiplying £^ Cjifrj, inte- 
grating over space, and using the orthonormal relations, we obtain 

da —« 2 



-7T,= 2 ^t- (A.44) 



<9w ^— ' A 
Using this, we finally obtain from Eq. ( IA.40b 

G(0) = RHS in Eq. (|A4D, (A.45) 

- §£■ 

Hence, the charges Q(lo) of Q-ball should decrease in terms of lo to satisfy Eq. JA.39I >. It follows that 
the condition, Eq. ( 12.311 ). namely 

lo dQ 

n~T<0, (A.47) 
Q aio 

ensures that the eigenvalues in Eq. ( IA.24I ) are all positive or zero. It will turn out that Eq. ( IA.47I ) corre- 
sponds to the classical stability condition for Q-ball solutions as we will see in the next section. 

To sum up, we showed that the eigenvalues in Eqs. ( lA.241lA25l l are all positive or zero subject to the 
condition Eq. ( IA.47I ). 
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A.4 Harmonic oscillations 



In this section, we show that the perturbations are of the usual harmonic oscillator form, which implies 
that all of the frequencies of the perturbations should be real. In order to show this, we have to be 
concerned with the kinetic term in the second-order Hamiltonian H2 in Eq. dA. 19b and consider the 
Hamiltonian equations for Hi- Let us construct the eigenfunctions excluding the zero eigenfunctions, 
which we found in the previous sections. We then obtain 



XR 



= $^'?Jn(*)*fli(*)> xi = J^qijit^ijix). 



(A.48) 



The canonical variables are 

' PRl \ 

PR2 



PR 



\ 



Pi 



J 



fpn\ 

P12 



We then express Eq. ( lA.20b and Eq. ( 1A.2U as 

Vr = -q R A R q R , 



QR = 



QR1 



QR.2 



\ ■ J 



V/ 



1 



qi = 



(qn\ 

qn 

V ; / 



(A.49) 



(A.50) 



where A^ and A/ are diagonal matrices. Hence, H2 in Eq. ( |A.19t becomes 



H 2 = -jiPRPR+PiPi) 



-q R (A R + Tf)q R + -q I (A I 

PR^qi - PiFqR, 



fr)«j 



(A.51) 



where T is a real matrix whose components are 



'J ^Ri^Ij- 



(A.52) 



Introducing column vectors, P = I ^ R I and Q = [ R 



man, 



Pi 



qi 



ipP + iQAQ + PSQ = i / 
2 2 2 1 q 




(A.53) 



2 V 



S A 



V, 



(AM) 



A R + TT 







where we set A = 

A/ + rr 

the Hamiltonian equation for H2 is 



r 

-f 



and 77 = 



Q 



Hence, 



d-q 

di 



E -A 



(A.55) 
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By imposing the normal mode solution r\ = tjn, 



VN(t) 



(A.56) 



we will show that there exist only real solutions for subject to the condition Eq. iAAli . The solu- 
tions in Eq. ( IA.55b are the roots of the following quadratic equation, 



ci + c 2 £lyv + = 



(A.57) 



Here, c\ and c 2 are given by 



d = R 




c 2 = R 



-2iT 
2if 



R 



N, 



(A.58) 



where Rjv is the coordinate column vector for 77^, which satisfies the normalisation condition, R^R^ 
1. Then, the solutions of Eq. ( IA.57I ) are 



— — 



-c 2 ±(c^+4ci) 1/2 



(A.59) 



Since c\ is real and positive from Eq. (IA.3U and c 2 is real, we obtain real values of Q,^. Therefore, 
Q-balls are classically stable against the spatial perturbations subject to the condition Eq. ( IA.47b . 
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Appendix B 

An exact solution 



In this appendix we will show that a Gaussian profile is an exact solution of the Q-ball equation in 
Eq. (I2.201 i with = U grav — \u) 2 o 2 , where U grav is defined in Eq. ( 12.25b . Notice that the potential 
Ugrav becomes negative for e 1 / 2 ^!^/ < a; hence, the system is not bounded from below. The addi- 
tional contribution from the non-renormalisable term Unr compensates the negative term and supports 
the existence of Q-balls in the system. Although the Gaussian exact solution is no longer a solution for 
the full potential U grav + £/jv\r in Eq. (14. U . the solution we will obtain here provides hints in suggesting 
a reasonable ansatz for the thick wall Q-ball as we will see in appendix Icl 

Let us consider the following Gaussian profile: 

( \K\m 2 r 2 \ 

o so i{r) = p u exp -J— L- , (B.l) 



2 

where we will see that m, M, and \K\ are the same parameters as in Eq. (14. U and p u will be shortly 
determined in terms of the underlying parameters. By substituting Eq. (IB. lb into the left-hand side of 
Eq. (12301 it leads to 



a ^ 

2' \' '~~'~\M 



Ugrav = — o 2 ( 1- |Jf|ln(^) ) (B.2) 



and 



*= Mffl *(V + p^)' (B - 3) 

where we set the integration constant as zero. Recall m 2 
same mass dimension, (D — 1) /2, as a so that the only physical case is D = 3- The profile, Eq. (1B.U . 



is an exact solution for U grav with the "core" radius Rq = y/2/m 2 \K\ 114711 . which is very large 
compared with mT 1 for small \K\ <C 0(1), and satisfies the boundary conditions for Q-balls, namely 
cr'(0) = = er(oo) = er'(oo), see chapter |2] In the extreme limit uj S> m, we obtain p u — > for 
\K\ < O(l) which implies ctq = o'(O) — > 0. For large <r, the potential becomes asymptotically flat, 
tending towards an infinite negative value. By adding the non-renormalisable term Unr, the potential 
Ugrav is lifted for large a in Eq. (14. Il l, then the full potential U grav + Unr is bounded from below, see 



Sec. 14.2.11 We can see the ansatz given in II 14711 corresponds to the case where p u 
only for \K\ < 0(1) and cu ~ m, see Eq. (|B3T >. 



M, which is valid 
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Appendix C 

Gaussian ansatz in gravity-mediated 
potentials 

In this appendix, we will investigate the thick-wall Q-ball in gravity-mediated models by introducing 
a Gaussian ansatz and keeping all terms in Eq. (14.3b as opposed to the analysis in Sec l4.2.3l By us- 
ing this profile we can perform the Gaussian integrations, and will obtain the generalised results of 
Eqs. (14. 19||4~20t in Sec. 14.2.31 The test profile for the case, uj > 0(m), coincides with the solution a so i 
in Eq. ( IB. Il l, which implies that the nonrenormalisable term Un r in Eq. d4.11 i is negligible. 

To recap, the notation we have adopted in Eq. (14.3b is a = cr/M, Co = uj/m, 1 is defined in Eq. ( 14.2b 
and we are considering the case of n > 2. To begin with we introduce a Gaussian ansatz inspired by 
Eq. ( IB. lb for the potential Eq. d4~3l ) 

a(r) = A w cxp(- K 2 r 2 /2); (C1) 

where &q = cr(0) = A w = finite, and A w , k w will be functions of u> implicitly. X u should not be 
confused with the coupling constant A in Eq. d4.1b . Both A w and k u can be determined by extremising 
the Euclidean action S u ; hence, the actual free parameter here will be only to. It is crucial to note that 
A w cannot be infinite in the thick-wall limit since we know that A w is finite and tending to 0. If the 
nonrenormalisable term Unr is negligible, we can expect A w ~ p w /M ~ [u>) and ~ \K\m 2 due 
to Eq. ( IB. lb . which implies that the "core" radius Rq of the thick-wall Q-ball is Rq ~ y/2/m 2 \K\. 
For the extreme thick-wall limit uj ^> m, we shall also confirm X u — > 0, which means cto — » 0. 

By substituting Eq. ( IC.lb into Eq. ( 12.10b with the potential Eq. (14.3b . we obtain Q and S u using the 
following Gaussian integrations: Qd-i drr D ~ 1 e~ kr ~ = (j) D ^ 2 forreal k where Qd-i = r(D/2) • 



Thus, 

Q = M 2 -k d ' 2 w\IkZ d , (C.2) 

S u = M 2 tt d / 2 kZ d [A(k^, X u ) + B(uj, \ i> ) + C(\ i> )], (C.3) 
DX 2 

where A{n m X u ) = + \K\m 2 ), 

( uP 
2 { m 2 



A w ) ee 2 |A-|lnA. 



2 X D/2 



C(A W ) = m^AS^-J . (C.4) 

Notice that A(k w , A w ) comes from the gradient term and the logarithmic term in and depends on 
both and X u . Similarly, B(u>, A w ) is given by the quadratic term in the potential Eq. (14.31 ) and 
depends both on A w and explicitly on ui, whereas C(X ul ) arises simply from the nonrenormalisable term 
in the potential. An alternative (but in this case more complicated) approach to obtain Q would be the 
use of Legendre transformations in Eq. (12. 16b . 

By extremising S u in terms of the two free parameters k u and X u : 

- = 0, ^ = 0, (C.5) 



we obtain 



which implies that 



dtiuj dX u 



X 2 k 2 nC m 2 X 2 \K\ 
A + B + C = ^y^, A + B + — = ^— ] -, (C.6) 



2\ D/2 

- \K\ - (n - 2)pXl~ 2 I - > 0, (C.7) 
m z V n I 



where we have eliminated the A + B terms in the two expressions of Eq. (IC.6I 1. Using Eq. ( IC.7b and the 
second expression of Eq. (IC.6I 1. we obtain the relations between ui and X u 



uj 2 lrl , x 2(n + D)-nD , „ 2 (2\ D ' 2 

-P 2 XZ' 2 - , (C.8) 



dX u 
du> 




2 

for \K\ ~ 0(1), 
for |X| < 0(1), 



(C9) 



(CIO) 



where we have differentiated Eq. (IC.8b with respect to u to obtain Eq. (IC. 10b and have defined F as 

F = 1 — (n — 2) 2( " +JJ 4 ) -^ Ar 2 = 1 + ^"Jg-^ (- 2 - - 2 |^l). Equations OEB 

imply that both k w and A w are functions of uj; however, these are not solvable in closed forms unless 
the particular limits, which were introduced in Sect l4.2.3l are taken, as we will now show. Comparing 
Eqs. (IC.8IIC. 10b with Eqs. d4.14ll4.15t . we can see an extra contribution of 0(\K |) in Eq. dC.8b , which 
is not present in Eq. ( 14.141 ). This difference of (D — 1)\K\ arises because in calculating Eq. dC.8b we 
have used A w , whereas we have used 0-{u>) in obtaining Eq. ( 14.14b , and although related they are not 
precisely the same. In the extreme thick-wall limit oj ^> m, and from Eq. dC.8b this implies A w — ► + 
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(recall from Eq. ( IC.lb that X u has to remain finite). Considering the nonrenormalisable term in Eq. dC.8b . 
the fact that 1 < \K\ < 0(1) and A w — * + with n > 2, implies that this term is subdominant and can 
be ignored. As long as A w < 0(1), then F ~ 1 and the second relation of Eq. ( IC. 10b follows, which 
implies that A w is a monotically decreasing function in terms of u>. The limit A w ~ 0(1) corresponds 
to to > 0(m), see Eq. ( IC.8b - We will call this the "moderate limit" and represent it by The other 
case, w ^ m (or equivalently A w <C 0(1)), we shall call the "extreme limit" and represent it by '—»•", 
Depending on the logarithmic strength of \K\, we can obtain Eq. ( 1C.9I ), which leads to the approximate 
expressions for A w and can also obtain k u from Eq. ( IC.7b 

f p u /M for lATl - 0(1) k 2 
A w ~<^ 7 ^0; ^~\K\->\K\fat\K\<0{l), (C.ll) 

[ cr_(w) for|A'| < 0(1) m 

where k w is independent of w in both the "moderate" and "extreme" limits. 

Using Eqs. (IC.2IIC.3b and Eq. ( IC.6b . we obtain the characteristic slope in both the "moderate" and "ex- 
treme" limits, 

In order to show their classical stability, we shall differentiate Q with respect to u> using Eqs. (IC7I IC.8b 
and Eq. dCTTOb : 



lu dQ ^ 2lo 2 



Q dw m 2 \K\F 



D(n - 2) , o 2 A 
^11) 



2w 2 2lu 2 

l -^HF\^ ^ <0 ' (C13) 

m z \K\ m^\K\ 



±(Eq\ i_J_ 

du\Q ) 2lo 2 

m 2 \K\ 



2 

nA|) 



m 2 |AlF 



1>0, (C.14) 



2w 2 

where we have taken the "moderate limit" and "extreme limit" and used k 2 ~ m 2 |A'| and F = 
1 + 2(jl ^x\m^ D — 77)2 l-^l) ~ 1- The classical stability condition Eq. dC. 1 3b is consistent with 
Eq. ( IC. 14b . and is consistent with Eqs. (12.31ll2~32l i. This is different from the result we obtained for 
the polynomial potentials [see Eq. ( 13.411 ) in chapter[3), because in that case the Gaussian ansatz does 
not give the exact solution unlike here in Eq. ( IC. 1 b where it does become the exact solution Eq. ( IB. lb 
in both limits. The results, Eqs. ( 1C.12IICTT31 and Eq. ( IC. 14b . in both the "moderate" and "extreme" 
limits recover the key results, Eqs. (I4.19ll4~20l ). and are independent of D; hence, the thick-wall Q- 
balls for all D have similar properties. We can also see the small additional effects arising from the 
nonrenormalisable term in Eqs. ( IC. 1 31 [C~T4-b . 

Let us summarise the important results we found in this appendix. By introducing a Gaussian test profile 
Eq. (IC. 1 b inspired by the exact solution Eq. ( IB. lb for U grav , we computed the Euclidean action S u and 
the charge Q using Gaussian integrations. Then, we extremised S u in terms of A w and in Eq. (IC.5b . 
which gave the relations of both A w and as a function of to. By introducing two limits called "mod- 
erate limit" and "extreme limit", we confirmed that the ansatz, Eq. dC.lb . approaches Eq. (IB. lb in the 
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"moderate limit". We established that the results Eqs. dC.12llC~T3l and Eq. (IC. 14b recovered the previ- 
ous results in Eqs. (14.19ll4~2"0t which are obtained simply by reparametrising in S u and extracting the 
explicit ^-dependence from the integral in S u with U = U grav where the nonrenormalisable term was 
neglected at the beginning of the analysis by applying L'Hopital rules. 

In addition, we would lik e to emph asise the main differences between our work and other earlier 



analyses in the literature 1 147 



15811 . The analytical framework adopted in 115811 is valid only for 



| if | = 1, D = 3, n = 4. Our work has shown that this can be generalised to arbitrary integer 
values of D and n(> 2) under the conditions (3 2 < \K\ < 0(1), and that the thick-wall Q-ball can be 
classically stable. In Sect l4.2.3l we also found that the thick-wall Q-ball may be a bsolu tely stable under 
certain additional conditions, Eq. ( 14. 2U . Furthermore, Enqvist and McDonald in 1 14711 analytically ob- 
tained the same "core" size of thick-wall Q-balls, although they obtained a slightly different value for 
Eq I Q (see their Eq. (112)). The reason for this is because their ansatz assumed A w ~ 1 in Eq. ( 1C.U by 
simply neglecting the nonrenormalisable term, which implies that the third term of B(w, A w ) and term 
C(X U ) in Eq. ( IC.4t are absent. Hence, their analysis is valid for \K\ <§C 0(1) and u ~ m, see Eq. JB.3t . 
We, however, have kept all the terms in Eq. ( 14.31 ) and used a more general ansatz, which can be applied 
for | If | < 0(1) and u> > 0(m) with the restricted coupling constant of the nonrenormalisable term 
(P < | if |. In summary, in this appendix we have extensively investigated analytically both the absolute 
and classical stability of Q-balls in Eq. ( IC. 12b and Eq. ( IC. 13b . 
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Appendix D 



Perturbations on multiple scalar fields 



In this appendix we obtain Euler-Lagrange equations for m ultiple scal ar fields ip a with a symmetric field 
space metric G a b{<P) = G ba (0), following the notations in 12141 121511 . Our aim is to obtain equations of 
motion for the background homogeneous (zero-mode) fields <p a (t) and the perturbed fields Sip a (t, x) in a 
fixed unperturbed background (Friedmann-Robertson- Walker) metric, g pu = diag( — 1, a(t), a(t), a(t)), 
where a(t) is the scale factor and H = a /a is the Hubble parameter. Here, an over-dot denotes the time- 
derivative. As the simplest nontrivial example of the multiple scalar fields, we find equations of motion 
for a complex scalar field </> = &e 10 where a and 6 are real scalar fields and the system possesses a U(l) 
symmetry. 



Let us start off with the following action 



8 



-\g» v G ab {y)d^ a d„,$ b - v{<f>) 



(D.l) 



where g = det(g^) and V(<p) is a potential for tp. By applying the action principle, we obtain the 
Euler-Lagrange equation for (p 



^=d P W~gg pv G ch d v ^ b ) = \g^G ab , c d^ a d v £ h + V c , 
9 * 



and the energy momentum tensor 

r M „ = Gabd ll (p a dyip b + g^ v 



--g pa G ab d p p a d a <p b -V(<p) 



(D.2) 



(D.3) 



Here, we defined G a b.c = ■> an d so on - The energy density and pressure can be given by T^ v 1215] 



Pe 
P 



--g^G ab d^ a d^ b + V(ip), 



1 



g^Gabd^dw" - V(<p). 



(D.4) 
(D.5) 



By pertubing the fields as (p a = (p a (t) + S(p a (t, x) where \ip\ ^> \S(p\, the homogeneous part gives, from 
Eq. 



+ 3H^ a + G ab V b = 0, 

dt 



(D.6) 



where the covariant derivative, D/dt, can be defined by the "Christoffel symbols" = x 
{Gdc,b + Gdb.c — Gbc,d)', thus, ^}f> a = ^(p a + , ~f b 1 c <p b <p c . On the other hand, we can obtain the equations 
of motion for the pertubed fields Sip from Eq. ( ID. 2b 

^Sip a + 3H^6<p a - (¥\ 5p a - tS^V 6<p d + (V< a );dS^ d = G ab G bc , d G ce V e S<p d , (D.7) 

where we used \j- t 5p> a = 5ip a + r y b 2 c tp b 5ip c , defined the "Riemann tensors" as 7^ = 7^ c — j% c d + 
Icelbd ~ Idelbc an< ^ denoted the covariant derivative as the usual notion Notice that we used 

V b ee c 

When the system has a 0(2) ~ U(l) symmetry for ip a = (a, 9j and a flat field metric is G a b = 
diag(l, a 2 ), we can obtain 7^ = —c; 7i 2 = I21 = V^- We men induce Eq. ( ID.6I 1 with a potential 
V{a) to 

ct + 3iT<7 - o9 2 + 4^ = 0, (D.8) 

+ 3H8 + -&6 = 0. (D.9) 

a 

Here, the third term in Eq. (ID. 81 ) corresponds to "centrifugal force" due to a spin in the field space, 
and the third term in Eq. ( ID. 9b corresponds to the "Colliori force". In addition, the energy density and 
pressure can be given by from Eqs. ( ID. 41 ID. 5\ 

PE = \ {o 2 + o 2 e 2 ) + V, p = I (a 2 + a 2 9 2 ) - V. (D.10) 



2 V ) ' r 2 

Furthermore, Eq. ( ID. 71 ) gives 

5a + 3H5a-(j^j + 2 - 5a - 2(7959 = 0, (D.ll) 

2&\ ■ /V\ 2 28 f ■ \ 
■SH+—\59-{ — \ 59 + — [a5a - aSaj = 0. (D.12) 

We use Eqs. dD.8IID.9l l to concern the orbits of AD condensates in Sec. 15.21 and use Eqs. dD. 1 lllD~T2l 
to investigate the linear spatial instability of the condensates in Sec. 15.31 
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Appendix E 

The orbit of an Affleck-Dine "planet" 



In this appendix, we obtain an exact orbit form in a quadratic potential case when the Hubble expansion 
is assumed to be small and adiabatic. The orbit of an AD field, or more precisely an eccentricity of the 
elliptic motion in the complex field-space, is determined by the initial charge and energy density. In 
order to obtain analytic expressions of the orbit in more general potential cases in which we are more 
interested, we restrict ourself to work in Minkowski spacetime and on the orbit which should be nearly 
circular. We then obtain the perturbed orbit equation and necessary conditions for closed orbits, where 
the orbits come back to their original positions after some rotations around the minimum of the effective 
potential. By including the effects of the Hubble expansion, in Sec. 15.2.21 we shall introduce ansatze, 
which are inspired by our solutions obtained in Minkowski spacetime. Our numerical results support 
the ansa tze, assuming that the rotation frequency W is always much greater than the Hubble expansion 



E.l The exact orbit in an expanding universe 

The exact orbit expressions of an AD field in an expanding universe can be obtained with a quadratic 
potential, 



where M is a mass of the field <f> and we have rescaled the field a, a(t) = ^(*)- Fr° m now 

on, we solve the orbit equations, Eq. ( 15.61 ). for a(t) at first, and then solve them for u(8), replacing the 
time-dependence in a(i) by a phase variable 9. We then show that the orbits for a(t) and u(6) are of 
the usual elliptic forms with a third eccentricity e 2 . 



H 1185 1. 




(E.l) 




3/2 



E.1.1 The orbit for a{t) 



In this subsection we obtain an expression for the orbit <j(t) with the quadratic potential Eq. ( IE. U by 
solving Eq. d5.6b . Substituting Eq. dE. U into Eq. (15.61 ) and ignoring the terms involving H 2 and a/ a, 
we obtain 

^_||+M 2 a = & ^ = 0, (E.2) 
u at 

where p E = \ (j^) 2 + \M 2 a 2 + ^= 3 p E , which is approximately conserved. Since \-^i{v 2 ) = 



da = 2f>E — 2M a , Eq. (IE.2l i leads to a harmonic oscillator form, 
whose solution is 

v 2 (t) = ^+Acos[2M(t + t )], (E.4) 
= ^(l+e 2 cos[2M(t + t )}) . (E.5) 

Here, B is some constant value and we set to as a time when the AD field starts to rotate. We have 
also defined a third eccentricity e 2 = A ¥^ = , where the apocentral and pericentral points 

are, respectively, given by = 4^ + A and <J 2 lin = — A. Notice that the circular orbit case 

corresponds to e 2 = 0, which implies that a 2 nax = o 2 nin , and also note that the eccentricity is real and 
has a value between and 1 in the present quadratic potential^ 

We can obtain the period r of this orbit, 

T =w (K6) 

Substituting Eq. (IE.4I ) into pE, we obtain A = v E Mi — — . From the above expressions for e 2 and A, 
we can obtain M f® = \/l — e 4 . Using this and Eq. SEAL it ends up with 



l j a 2 1 + e 2 cos [2M(* + i )] ' } 

For the circular orbits with e 2 = 0, 9 is time-independent as we can expect, and the ratio, pe/(Mpq), 
is unity. While for the radial orbits with e 2 = 1, we obtain 9 = and p E /{Mpq) ^> 1 as expected. 



E.1.2 The orbit for u{6) = a~ l (9) 

What follows is that we express a(t) as a function of 9 by using the second expression in Eq. ( 15.61 ) and 
Eq. ( IE.4I ). We then obtain 

tan(0 - 9 ) = tan (M{t + t )) , (E.8) 

C^rrm.T 



1 In an inverse-squared central force, the first eccentricity can be larger than equal 1 , which corresponds to the cases where the 
orbits are parabola or hyperbola. 



127 



where 9n is an integration constant and we used the following integral formula, f — r-== = , 2 ; x 

u 6 ^ «i+"2Cosi ^/ a 2_ a 2 

Arctan (ai " a l ) tan(f ] ) with some real values a\ and a^- Without loss of generality, we can choose 

V \/ a \- a i J 

to = 9q = 0, which implies that the orbit at t = 0, r/2 gives, respectively, 9 = 0, ir/2, recalling 
Eq. ( IE. 6b . By comparing Eq. (IE. 4b to Eq. (IE. 81) . we obtain 



~ 2 ~ 2 

~2(n\ ^max^min c\\ 



°Ln COs2 + 




i cos 2 e 


sin 2 6» 


b 2 CT 2 

^ ^ max 


® min 


^rnax ® min 


(1 -e 2 cos(20)) . 


25-2 a 2 . 


^ = Omax and # = 


7r/2 when a = a 



^u 2 (9) = 4 = ^ + ^, (E.10) 

(Ell) 

Finally, we obtain the 

expressions for the orbits as the usual elliptic forms in Eqs. ( IE.5IIE.iri i. For the circular orbits e 2 = 0, 
we can obtain u 2 = const, from Eq. (IE .lib as expected. 



E.2 The nearly circular orbits in Minkowski spacetime 

Without the Hubble expansion, we can investigate a nearly circular bounded orbit of an AD field in gen- 
eral potentials which satisfy Eq. ( 15.5b . For this reason, we concentrate on the case of a non-expanding 
background in this section, and obtain a time-dependent expression for the nearly circular orbits as in 
Eq. ( lE.5b . We then find the expression that depends on the phase 9 as in Eq. (IE. 101 ). Moreover, we obtain 
conditions for closed orbits, in which the perturbations are expanded up to 1 st ord er (for the complete 



proof of the condition up to 4th order, see appendix|F]for Bertrand's theorem 1121711 ) 



E.2.1 The orbit for a(t) 

In Minkowski spacetime, we can find an expression for the orbit a(t) in a general potential V{cr) as 
in Eq. ( lE.5b . Notice that the tilde variables are the same as un-tilde ones in the present non-expanding 
background. Recall the equation of motion, Eq. ( 15.11 ). in Minkowski spacetime, 

dV+ 

±=0. (E.12) 
da 

Suppose that the orbit that is nearly circular as a(t) = a cr + S(t) where a cr S> \8\, recalling a cr is 
defined by Eq. (15.4b . Substituting this expression for a into Eq. (IE. 121 ) and keeping 5 terms up to 1st 
order, we obtain a harmonic oscillator form 

5 + W 2 5 = 0, (E.13) 

where the readers should recall the condition, Eq. ( 15.5b . for the bound orbits, and W is constant since 
we are working in Minkowski spacetime. 

Thus, the solution of Eq. (IE. 13b is 

8{t) = a cr Bcos(Wt), (E.14) 
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where B is a small positive dimensionless constant, i.e. B <C 1 due to a cr 3> \8\, and we have set the 
differentiation constant to be to ensure that <r(0) = a max . We find that <r max = a cr (l + B), <r m i n = 
a cr {l - B), and a max a mm ~ (x c 2 r (l + 0{B 2 )). These give B = ^ZZ+^Z ' a ^ = CT "" X+ """" 



2 

.2 



and 2_B ~ a .' 2 " ax +er " i " = e , where we have used the definition of the third eccentricity. We can check 
that the condition, 2B ~ e 2 <C 1, is consistent with the fact that the orbit is nearly circular. Since 
o'max = &min = and ps is constant, we can equate B with pe and pg using Eqs. ( IE. 1411531 ): 



2(p g - y + (q er )) 2{pE~V + {o C r)) „, £ 2 ^ 1 

5 = V ^ = ^V(^")L. + H - 2 <<: 1; (K15) 

where a prime denotes the differentiation with respect to a. Finally, we obtain 

a 2 (t) = a 2 cr (1 + e 2 cos(Wt) + C(e 4 )) , (E.16) 
where W is given by Eq. ( 15.5b [compare with Eq. ( IE.5H . Now, we can define the period r 



2tt 

w 



(E.17) 



(E.18) 



which reproduces Eq. ( IE. 6b as the case with W = 2M. Using Eqs. ( I5.2II5.4| |, we can also find 

1 + e 2 cos (Wt) ' 

Using Eq. (15.31 ), let us compute the pressure of this AD condensate whose orbit is described by Eq. ( IE. 161 ). 

£ 2 2 

By expanding V- (a) around a = a cr and using Eq. dES, we obtain V-{a) ~ V-(a cr )+^- cos (Wt)- 
e g cr ^VF 2 — ^p 2 ^ cos 2 (Wt) + • • • , where we have assumed that the higher order terms in V- are neg- 
ligible. Therefore, 

P * W2<J ^ ^ _ 2 CQS 2 {wt) ^ _ y {acr) + £|_ ^ _ 2£ 2 CQS {Wf) + 3 £ 4 cos 2 ( ^ ^ 

O (p) ~ -F(a cr ) + ^§-. (E.19) 

Here, we have defined an averaged value over one rotation in the orbit, Eq. ( IE. 16b . namely (X) = 
\ \l dtX(t) where X is some quasi-periodic quantity and r is determined by Eqs. ( IE.17ll5~5l ). The 
result, Eq. dE.191 ), can be easily understood by the fact that the averaged pressure corresponds to th e 



value at a = a cr since the orbit oscillate around <r cr and & cr = 0, c.f. a real scalar field case 1 185 1. 
Similarly, we can obtain the averaged energy density 

Pn W 2 a 2 £ 4 

(p £ )^% r ) + g-+ i6 cr , (E.20) 

where we have kept the contribution from the term involving e 4 . Hence, the averaged equation of state 
is given by 

p\ $--V(*cr) 

. (E.21) 
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E.2.2 The orbit for u{9) = a' 1 (9) 



In order to obtain a ^-dependent expression of the orbit as Eq. ( IE. 10b . let us switch the variable a to 
u(9) = l/a(8). In Minkowski spacetime, where we can again drop the tilde variables here, the orbit 
equation Eq. ( 15.71 ) is 



d 2 u 1 dV 

d9t +U = -^du- = J{u) - 



(E.22) 



Let Mo, which is independent of 6, be the value of a circular orbit (i.e. uq = l/a cr ). We then consider 
an orbit u(6) that deviates slightly from uq with a fluctuation i](9), i.e. u = uq + rj, where uq 3> \rj\. 
Since = = ^pr, Eq- ( IE. 22b implies that uq = J{uq). By expanding J(u) around u = uq, we 
obtain J(u) ~ uq + n 1 + . . . , where we are evaluating the derivatives at uq. Hence, we can obtain 
the perturbed orbit equation for ij(8) 



d0l +(311 



0. 



(E.23) 



where /3 = 1 — ^ | which should be positive for bounded orbits. Note that this condition, (3 > 0, 



is equivalent to the previous condition, Eq. (15.5b , since 

- 4 3V + <tV" 



pq 



V 



(E.24) 



where we used the fact V = -§■ at a = a cr from Eq. ( 15.4b . The solution of Eq. (IE. 23b is 



rj = u n C cos(f36 + do), 



(E.25) 



where C and #o are constants, and 0<C<1 due to the fact that uo ^> We can then show C = B 
by equating the value of C with pq and p^. Substituting u into and expanding V (u) around u = u a 
up to second order, we can find 

-2 



u 



\ 



2(p B - V+(l/u )) =B ^£_ 



d 2 V{l/u) 
du 2 



Pi 



(E.26) 



where we used 



dV + (m) 
du 



dV(u) 
du 



PqUq = from Eq. ( 15.4b . The relation, C = A, is obtained 



by changing the variable u back to <r [compare Eq. ( IE. 261 ) with Eq. ( IE. 15H . 
Let us choose 6q = it in Eq. ( IE. 25b . then we obtain 

u o (l-Ceos(/?0)), 
u 2 [l - 2C cos({38) + 0(C 2 )] . 



ii 

,,2 



(E.27) 
(E.28) 



Notice that < C < 1 which is consistent with the condition for nearly circular orbits e 2 <C 1, as 
we have seen in appendix IE. 2 . 1 1 and Eq. ( IE. 26b . We can also find that <j ma x = fffj for (36 = and 

To show that the orbit u(0) in Eq. ( IE. 28b has a similar form as Eq. ( IE. lib , let us compute the following 



relations: a 2 max 



2a 2 cr (l + 0(C 2 )), a. 



2 

max 



4* 2 r C(l + 0(C))<mda 2 max <r 



2 

min 
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er 4 r (1 + 0(C 2 )). Hence, we obtain u 2 



and 2C ~ e 2 , which imply that Eq. ( IE.28b is of 



similar orbit form as Eq. ( IE. lit . As we computed going from Eq. ( IE. 10b to Eq. ( IE. Ill ), where for this 
case we deduce Eq. ( IE. 1 11 1 from Eq. ( IE. 101 ). we finally obtain 



,2 01 



,2 0, 



(E.29) 



In the next subsection, we obtain the conditions for closed orbits using Eq. (IE. 291 ) |216|. 



E.2.3 Conditions for closed orbits and equations of state 

Let us define an angle <t>, which is the phase difference as the orbit goes from 77 = uqC to rj = —uqC, 

(E.30) 



^ 7T / V 

$ = - 



(3 y w + &v" 

where we used Eq. ( IE. 24b . For closed orbits, the angle must have the value that is tt multiplied by 
a rational number, i.e. $ = -n 1 - where q, r E Z; therefore, j3 should be the rational number. In 
order to obtain the er-independent value for <3>, the potentials can be of the forms, M 2 <T (+ const.), 
rrA In (a/m^) 2 (+const.), and etc. Here, M and m$ are constant real values, and we should have 
I < —2, < I for bound orbits, whereas we may have — 2 < I < for bound orbits when M 2 < 0, 
recalling Eq. ( 15.5b . The constant terms in the potentials add an extra energy for the orbits, and it does 
not play a significant role, so that we consider the potentials without the constant terms. The former 
power-law potential case, V = M 2 a , gives 

*=vm- ,E31) 

which implies that the closed orbits exist for I = (—1), 2, 7, .... Using Eqs. dE.19llE20T i and 
Eq. ( 15.5b . we obtain 

(p)J-^, (pB) ,G + 2)MM, ; w2= l(l + 2)MV-^ (E32) 

which implies that the bound orbits of the AD condensate has a negative pressure for I < 2. In the 
computation of pg, Eq. ( IE. 20b . we safely ignored the e 4 term. We note that the bound orbits for I = 
(— 1, ) 2 are closed. For the quadratic potential case / = 2, the averaged press ure i s zero, in which the 



AD condensate corresponds to an example of nonrelativistic cold dark matter 1 1 8511 . In addition, using 
Eqs. ( IE.21llE~32l we can find 

M - • (E.33) 
On the other hand, the latter logarithmic potential case, m 4 , In (er/m^) 2 , leads to 

which corresponds to the former power-law case with I = 0. Similarly, using Eqs. ( IE. 191 [ET20b and 
Eq. ( 15.5b . we obtain 

(P)^ml (l-21n^V ( PE )^ml fl + 21n^V W 2 = (E.35) 
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which implies that the AD condensate has a negative pressure for a cr > m^exp (|). In the computation 
of pe, Eq. ( lE.20b , we safely ignored the e 4 term again. Using Eqs. ( lE.21llE~35l ). we obtain 



1 _ 2 In ?p 



1 + 2 In 



(E.36) 



In Eq. ( IE. 35b . we cannot clearly see the correspondence with the case for I = 0, but we can find W 2 ~ 

and (w) ~ — 1 for -C cr cr as the case with I = 0. 



Let us comment on the pressure whe n the AD orbit is exactly radial, which corresponds to the zero- 
charge density case as for real fields 1 1 8511 . In this case, the field a(t) coherently oscillates around the 
vacuum if the potential follows a power-law, i.e. V oc a 1 for I > 1, and (w) has the same expression as 
Eq. (IE. 33b , but it gives a negative pressure for 1 < I < 2. Note that the lower bound of I ensures to be a 
coherent oscillation for the radially oscillating AD fields and real scalar fields. 



In summary, we have obtained analytically the explicit expressions, Eqs. ( IE.5IIE.in . for the orbit of the 
AD fields in a quadratic potential under an expanding universe, and approximately obtained the elliptic 
orbit expressions, Eqs. (E.16llE29l i. for nearly circular orbits in Minkowski spacetime in potentials 
which satisfy the condition Eq. (15.5b for bound orbits. 
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Appendix F 

Proof of Bertrand's theorem 



In Bertrand's theorem 0217I1 . there are only two allowed potential forms for closed "planetary" orbits: 



isotropic harmonic force an d inv erse-squared force. Each of the central forces gives dy namical sym 



me tries: the Fradkin tensor 112 1 811 and Runge-Lenz vector 1219 



220 



221 



222, 



223 



22411 . res pecti vely 



These dynamical charges are obtained both classically using the algebra of Poisson bracket 1225I1 and 
quantum-mechanically using the corresponding Lie algebra in the abelian case [ 226] and the non-abelian 



case B227I1 . In this appendix we prove Bertrand's theorem with the consistent notations with ones for 



the orbits in the AD fields obtained in Appendix[E] 



In order to show Bertrand's theorem in the abelian case and the Minkowski spacetime 122811 . we expand 
an elliptic orbit perturbed from the circular orbit up to 4th order, and show that the allowed values of 
f3 2 defined in Eq. dE.24b are only 1 and 4, which correspond to the above two types of potentials, i.e. 
isotropic harmonic force and inverse-squared force. 

Recalling that pq = a 2 9 and ps = \a + V+, where V+(<r) = V(a) + pq/2a 2 , we obtain a = 
y / 2(pE — V+) > 0. For the motion of a(t) going from a m in, through a cr , and to <J max , by recalling 
Eq. ( 1E.30I I we can obtain, 



2$ 



2 d9= da- 
Jo J<J,nin 

V2p Q 



2PQ 



y/%pE - V+) ■ 



PE f{V+) 
dV+- M +; 



(F.l) 
(F.2) 



\JPE - V+ 

where we split the integration into two parts, i.e. f° cr + f° max , and then changed the integration 
variable from a to V+. Here, we defined /(V+) = — ^-V where a% = a cr — x and = 

a cr + y, and we assumed that the orbit is "nearly" circular, i.e. a cr 3> x, y > 0. Recall $ = tt//3 in 
Eq. (IE.301 > where (3 should be a rational number for closed orbit s as w e found in the linear perturbation 



analysis in Appendix lE.2.31 Since f(V+) is an Abel's equation 122911 . by multiplying 1/ y/V+ — pe on 
both sides of Eq. ( lF.2b . where V+ is some value of V+, and then by integrating it over ps from V(a cr ) 



to V+, we obtain 

1 1 _ 2^2 

a 1 (V+) ~ <r 2 (V+) ~ 



^/V+ - V(a cr ), (F.3) 



where we changed the order of the integrations, used the formula f , dy = 2Arctan [ \ - ai ), 

and finally replaced the variable V+ by V+. By taking the square of Eq. ( 1F.31 ). we obtain 

(V+-V ). (F.4) 
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Consider the RHS of Eq. ( IF.4b by expanding V+ around cr = cr cr up to 4th order of x and y. Recalling 
that a 1 = <r cr — x and a 2 = & cr + y, where a cr ^S> x, y > 0, we obtain 

V+-V(a cr ) = ^vi 2 \a cr )-^vi 3 \* cr ) + ^vi 4) (a cr )+0(x% (F.5) 

= y^ 2) (a cr ) + ^^(<7 cr ) + ^y[ 4) (a cr )+0(y 5 ), (F.6) 



where W '(tr cr ) = , Vj ; (cr cr ) = -^t 



, and so on. It implies that we can equate x with 



y such that x = y(l + cy + dy 2 + 0(y 3 )) with real values, c and d. By substituting this expression for 
x into Eq. (1F.5I I and comparing it to Eq. (IF.6b for each orders of y, it leads to 



(3), 

c\ (F.7) 



tTVcr) . ,2 



3^| 2) (fT CT )' 

For the LHS of Eq. ( IF. 41 ). we again expand cr^ 2 up to 4th order of y, put the results together into LHS 
of Eq. ( 1F.41 ). and then compare between the LHS and RHS of Eq. JF.4b for each orders of y. Thus, we 
obtain 

9 v 4 (2), , 9 ( 1 c \ V^Vcr) 
=— V+\°cr); 5c 2 + 8 — + — = + \ cr; , (F.8) 

where the first relation corresponds to Eq. ( IE. 241 ). Equation ( IF.8b implies that the potentials should have 
the following restricted form: V(a) = ^-cr^ ~ 2 + Ai<j + Aq, where M and Ao, 1 are constants. The 
constraint from Eq. (IE. 30b implies that Ai = since the angle $ should be independent of a for closed 
orbits. Using Eq. ( IF. 81 ) and the fact vl (a cr ) = in Eq. (15.41 ). we finally obtain 

f = 1, 4. (F.9) 

Hence, the proof of the theorem is c ompl ete. We can obtain non-perturbatively the exact orbit expres- 
sions for the cases of 1 = 1, 4, see Il230ll . 
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